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DJTRODUCTION 

The text Analytic Geoaetjy had its begirmings 1* 1^2 wtien a small 
coffifflittee of mathematicians and teachers met to discuss the question as to ' 
tether there wfes a need for a ne^ text, in" analytic geometry for high^chool, 
and'vhether the School Mathematics Study Gjoup should undertake to «rite one. 
Sincere conclus^jjn \bs affirmative, soiae guidelines were prepared to Indicate 
the -form and content desired. 

In t^e suasaer of 1963 an ejOperimental text and acco^^nying coijke|itary 
were prepared by an StCG writing team consisting of unj^ity math^anaticians 
and high school teachers. .During the foll'owing school ^^y ear. this text was used 
hy about 30 teachers in schdols distributed from Califorhia to New England, 
bu,t mostly in 2 centers where the te^t^hers had the benefit of conferences 
' with ea=h other andVlth an int^r^ted coUege professor. The congjlete re- 
vision of thfe teiH„ and coBHae^xfary 1« the suimner of 19&^ took into accoiU both 
the comments and ^crlticisni of thest teachers, and the i^oimteidations of an 
advisory qojmaittee of the ftBG Z&oard . We are deeply indebted to those whCf ]| 
helped with suggestions, especially to the ^eachers who used tlie experimental 
text. • ♦ *■ 

Analytic Geometry is intended for use as. a one-sanester course in thfe 12th 
grade.. It is eJCpected that the students would haye completed Smi tnternffidlate 
^ Mathematics' or the equivalent. If it is plaoned "to use El^ntary Functions 



.with the same class, it is suggested tifat that text be u^ before the Analytic , 

• ' Geometry . However, kriowle^e of Eles^ntary gimctlons has not been assumed in 

thi'S.text. 

. The suggested* tlma, schedule here is only tentativej the teacher will adapt 
it to the particular class. Certain topics are presented here for complete- • 
nessj fot example, some- of th? .w^/k on forms of an equation of a line, on conic 

• sections, or on vectors, will have been stujit'ed previously by many clafeses. 
Very little time need be s^ent on familiai^ work, giving more time for new 

« topics- or for suppleanentary work. ^ 

We brieve that a reasonably Wll-prepaxed class of the-«etudent8 who elect 
. ,^2th grade mathematics can complete our basic text (Chapters 1 to 10) in a 

• semester. The materialr In the supplementary chapters was placed there beqause 
it was not felt espential 'to the^ continuitjp^ df the cour'se. ^However, --Ste feel 
that this is important and interesting material; we-fthink that it is yithln 
the grasp of aKLe students and will broaden the^ir mathematical background. 
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It is hoped that good classed and individual able students vilX use the stqjple- 
B^tary chapters. ' 

Following the opening reaoarks for each chapter in this CMaientary, you 
will find running cosaaents k^ed in the B»rgin to- the pages of the student's 
text. These contain further e3q)lanation and background vWch ve hope will b% 
useful to you. ' • . 



A WJRD ABOUT THE EXERCISES 

. • Some of the exerciaea are designed ]to provide Just exercise, but you will 
fkid that Bomp others are far from Jwltine. Within each set of exercises the 
arranganent is usually from the more routine^ to the B»re COT5)lex probleas. 
The iQost difficult problems are lasted s^arately as "^caienge Ptpbleas". 
A few probl&ns have been included which extend the material b^rond the regular 
textual treatjnent. We advise you to look at each^ suc^ problem before assign- 
ing it to a student so that you oay ascertain wh^heri iV is appropriate and 
^how much time it yill consume. ^ ' * , 

We cannot suggest ^jsrop^'late* class assignmehts ^ince^they v^il v^^ irlth 
the preparation and ability of the class. Of course, ^ugh drill w»rk should 
be included to fix the fundamental skills and concepts. In the case of a - 
welis-prepared class, tbe drill-type problems mi^t^be omitted entirely 6n any 
topic previously studied. While the partJS^gule^ pjobleisfl assigned wiLL vary 
with the class and perhaps even with the individual, pupils. It is hoped that 
all students will be assigned some of the probleas which nay be BJo^e time 
consuming but which will show them, some of the "fun" of Analytic Geometry. 

Solutions for the exercises appear at the i^int 'in the'f*Cning cotnmientary 
corresponding to the plfic^ient of the p;roblems in the student 'll^ext. Any 
given problem may have several acceptabfe solutions! therefore^ the solution 
presented here should not he considered as the "right", or only, solution. 
The student is encouraged frec^ently to use his own, Ju<!gment in J|irsuing a 
solutionj hence, if he presents a solution which is correct, it shoi^d be 
accepted. . ^ • * 



A SOQOESTEID 



SCHEDULE 



■ . :■ [ ■ K 

The basic text (Chairters 1 to 10) W designed to be covered in Jne 
B^e^ter of elghtcien veeks. The time stked^ given below is the result of 
combining thfe opinions of 4ie authors vl\ii the experience of the teachers wfao^ 
tised tjie preliiinary edition. ' ' \ . . ' ' , ' - 

If you- find that fmr . o^aas . U f alliJ^ behind the Suggested schedule, 
y^u-may v^*sh to eo^en^ate by treating somV^topics in less depth oiT by assign- 
ing fewer exercises. If this procedure i8\BOt satisfactory, you probably 
should consider cutting short, Sirst on Chajfter 10 and tVh on Chapter 9. The 
text was. designed so that, the leas* loss to \the students' feuld occur in this'- 
circumstanc^. ... . ^ \ ' ~* ' 



Chapter 

1, Analytic Geoisetry 

2. Coorainates and the Line . 

' 3. Vecftors and T^eir Applications 

• Proofs' by Analytic Methods 

5. Grains and Their Equations 

6. Curve Sketchlrig and Loci^s^ProbleaaS 

7. Conic Sections ^ ' / 

8. The Line and the Plane %^ 3-space 
"9. Quadric Surf^cis 

10.,' Geometric Transformations f 

4. - : ^ . 



Ho. of. 

' ,1 
-10" 

12 
8' 

9 
11 

9 
7 

10 
• 8 



CuBBiulative 
Total 
1 

li- 
as 
31 

51 
60 

67 



.77 
85* 
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Chapter X 



■ • . . " V ' . . • ' 

Chapter 1 is. a hrl^ introduction to the te*t. It is intenaed to give 
the students an ides of ."what analytic geonje%iy is ajid t© shov th«a they 
already taio^soisething «bout^the subject. If possible, they should read it 

before the first meeting of the claas and reread it at 'intervals during -the 

• • ■ , .».■«- 

, . t . . »^ 

course. , , / ■ 

Since coordinate systems are so ingwrtant'^in ensJ^ic geometxy, it Is 
advisable to discuss .An class som|\ oC the examples ftentloned. 'The stude^s , 
shotad be asked to e^laln latitude and longitude, vhich axe mentioned bub - 
not defined in the text. They laight be Invited to suggest other «ft»rdinate 
systems for a lihe,^ plane, space, ^ spherical surface/ and a torus. Hov- 
ever, the coorfimte systems which are ingJftpnt ±n the course are treated in 
detail ipter, so not pjuch class time Should lie spent o^ tff«» at thlp' point. 

• Chapter I'also. includes a discussion of. the reasons Aj^atudying .|palytic 
geometry. It is felt thit students should know som^tljlng of the role of 
analytfc geometty among the various branches of jnathejaatics, and that they . 
should realize that their main goal is Aot. infomation about the partictaar 
/topics studied, but rather understanding of a|id abii^y to use the stechnlques 
of analytic geometry. .'.*.* 

. ' Analytic Geometry really began vh^n it v^d realised that every geometri6 
object^and every geometric operation can be referred to the nuiriber saistem and, 
hence, to algebra, .2toe -npst significant stepd yf this ^Ithmetlzatlon of . 
gimetry were taken bf tvo French mathematicians, Pierre Fermatf (1^1 r l655) 
and Rene' Descartes (1596 1650) . Format beg6n vork*^ analytic geometry in . 
1629 but hia treatise L6cus Pianos et Solldos ^oge vas not published 
ijntll 1679. Chief credit, therefore, is given to Descartes vhose_Qeoiaetne» 
* vae published l-h 1637 and Who influenced' the jork of many, mathematicians. In 
the Ge^strie, one finds the earllest^unlf icatioa of^al^ebra and geometry. 
Apoilonius antf other Greek maWmaticlans had us^d coordinates to locate polnli 
m a.geonietrlc figure, ^t was Descartes who Introauced, the algebraic repreaen 
tatlon Of a curve or 'surf ace by an 'equation Invb^ylng. two or three variables. 



Descartes* bogk does not- certain a systematlo develc5i^ent of the subject 

such as you find tn this text. The method must be construoted from isolated 

statements in different pax*ts of the treatise. It is int'eresting that Fwtot'g 

4 

yoTK included the equations y « mx , 3cy « k , -f^ y^ « a^ ,^ 1 a^y^ c= 

• for liries artd conies. . > » { . 

Many mathematicians extended DescArtas' %)Fk.' Asiong these vei^ John 
Walli& in his Tractatus de Sectionibus Conies and John DeWitt in his ELefeenta 
Curvarum ]Linearuiiu Most of tKe vork of Descartes and his* cont^i^K^raries vas 
concerned with the. geometry of Apollonius. NevtOn worked with algebraic 
equations' in his study o$ cubic curves in 17Q3, Th4 first analytic gms^xy 
Of conic sections divorced from the vork of Appollonlus vc^ developed by feaer 
in his IntrOductio In llkQ. ^ « " ^ ^ 

Since that tiiflB the methods of Analytic Geometry have beonse the ia6st 
significant in tha^istudy of geometry. In more advanced B^thCTa-^ics they have 
essentially replaced the synthfet4.<^ method. More recently vector methods hav^ 
been lncori)Qrate(I in Analytic Oeometry and are.baj^ used) more and loor^ 
widely ii/^aatheiMitical applications. • 

■• J ' ' - .. 
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Chapter 2^' 

. ■ J • 

AHD THE Ii] 



LIHE 



This chapter is fundamental tb 'the. rest of the bcxjk. In it w dlewss 
coordinate syat^is for a line and a« plane. 



We also treat the ^analytic 
'geometry of Hjoes in a plane. A good deal of the material in the ^chapter 

famlliepr f r<sa previous .<jdUrsesi it. ia'^^eated here for purpose^ of 
review and coi^Jleteness- You wiU probably^f ind ttial^ the material of Sectlonfi 
2-1, 2-2, 2-3/ and 2-5 may be covered very quickly • It is likely that the 
materjLal on polar coordinateS| direction on a line, angles hetvp^n lines> and 
* the noraSal and polar f orms 6f an equation of a line will be nev to most 
students. The mjority of the cl^ss time should be spent on these topics, 
ftany examples ha+e been interspersed, throughout the t4xt • Though these 
* increase the number of pages in the chapter, hopefully th^ will *ielp the 
student to proceefi more- rai^idly and decrease the need for claasroom explanation 
and discussjlon.. Many mre exercises have b^n indudpd than any given dads 
might be expected to do.. Ycnx will probably find it advisable to break the 
cha'ptejjSinto two units for testing purposes. For this reason i^set of review 
exercises ha^ been incl^u^d after Section 2-5- * ^ I' 

7-15 If the students are to get anything out of this section, thfey feust 
' * tfiiderstand clearly the treatment of distance in SMSG G^Hsetry . By the 

instance ^stulate, to every pair p;f ^diff ei^t points* there corresiK)nds a 
unique positj^ve number. It is called the distance between the points because 
•it is the "official" version W the intuitive notion of distance. The Ruler 
^d Ruler ^ac^i^nt Postulates enable us to flaake any'pc^nt on a line the 
I origin of a»cx)rdlftate system, and yb make* either direction from that ^int 
the positive one. HoweVer, we can not choose the sced-e. Jt iff" already there 
in the geometry. B^waennes^ and eongruense are definad in t^rms of coordin- 
ate^, and thus^ crordinate systesis are fundamental, in the ''Sevelopm^t of tl^ 
SMSG Geometry - - , ^ ' # ' ' 1 

Nevertheless^ intuition l/ells us that jicale dofsn*t reeuyiy matter/ If ^ 
two boats are equally long^'their lengths] j^preeAC^^ii meters aap equal just 
as their lengths expressed in f^et arte IqualJ Let a, b, and /t. be the 
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coor41nates of the Pg||^t^ ^ B> and 'C on a lane. In a certain' coordinate ^ 
system, and a < b ^ c \ TMb^l? w change the ©Ize of th«*units (but nothing 
el^e) in our coordl»dte-;sy6tQft, ^d • a"^, b*, and c* are the new coordinates 

. of the sme^ points^ should fiJd>*Kat- a* < b* < c* . We-have OQt attaapted ^ 
to ^rove that we do'lj^Tve tsjils fV^ddom in«ttie text. In order to get stUirteKi^ • ' 
on the task before \xk^ we have offered exanqples illustrating the. vays ,ln w&lch 
we normally assuise thife ^f^^etcan tnj^te;^f^yinfe geOTietxy. The exaiirples th^nselvep 
^are trivlEa in difficulty and Ver^ deliberately chosen soj their pui^se is 
to illustrate the maiiy assumptions make in sdlving even a simple •problem 

' as well as the importance of these assumptions. . ^ • 

9 The techniques of a^ialytic gecxaetry are wore saleable if we exploit to 

the fullest the freedom to choose various X:oordinate systems. When the 
occasions arise to niention this freed|im, we shall make much of it, usually by 
invoking a grandiose principle *as wa.^ here in the Linear CJbordinate System 

' Principle, * ' • . " ^ 

In this principle w^kre actually postulating a theorfea we could prove 
but the proof is difficult for most students. We have incfluded xiaterial ' in 
the suppl6»ent to 'Chapter 2, for able students ^o are well versed in 3480 
' fe^pmetry and* the concept of function, and vho are interested in the deductive 
^ nature* of mathematics. « 



• 



Note that the symbol "d(R,S)" is defined in terms of* a fixed coordinate 
system. It would be -nice if our notation ^sriowed this, but that would make 
it rather 'complicated. It is advisable to stress ^hls point- when the syulbol 
is introduced, so the students will be reminded of it every time they see it 
later AS - : • * ' 

10* The definition a directed segment will probably seem rather unnatural ' 



to the stuc^ents, Thqy will feel that the ide^ of the segment AB considered 

as running from A to^ is quite cl-^ar and they will wonder why we give 

this strange defi/iition. Jt.raay help to ask them to try to defing the concept ^ 

terms wtich are "official" in' our formal, system. They will find that any ^ 
deffnition of this kind, and .ho other kind is permissible, seems unnatural. v 

m 

This is not the first *time the s^Judentp have see« such a de^nition. 
They undoubtedly felt' they knew what the. inside of "a triangle was before they 
studied geometry, and iMst of them were probably surprised to find out how", 
much trouble it was to give an acceptable definition- 
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are 



J 'If'; > . 

^There slk>al4*e, eoaae agremeht tetween the aun\l>ei^ ctbtalned by cc^ajjarips 
these meaetir^iants and fchojse xiuinbo^s in the text.^ However, the Jegfee ^ 
of '^greanent ^Wlli dg^nd upoif how well' the s,ubdi visions of the Units - 
estimated.^ The con|tant6 of . propgrtlonallty. sY^uXh be .consi^1^ent» ' 

mfe side ifi A^asOred'to 2 pl!&ce accuracy smd'the results are. oferir^ct 
tp-a plape acdUracy.' The^ d;Lgcrepency between ^-5^ -and 2.'5^, if^' 
n<^* Bl^if i-oaixt; ^eeatise 'th4y/ are' the sanu^ to 2' place^ accurajgr 



Hopefully^ -6tuden.ts' will be *>16. to antj^cipate that the proper units 
are f^etj the coii5)Utfed*8£nsweT. Ci2h ft. - 37.^992) seeias ^3 idealized ' 



to be meaningless.," • . 
The •an6wer'"v?ilidepeBd upo^ the source of t>ie inf opa^tion as to the 
distance ffom Nev^"Yo?%to San TVancisco. The answer should .clo/e' 



to 400 miles tg the Inch. " ^ 

^vL.4lf^ represents 330 miles; the "line" froBi New York to Soiv Francisco 
would be Approximately 9.^ inqjies long, 

The bicyclist travels at tUe rate of 8 mi/houi^. The friend travels 
at the rate of 32 km/houi^or » 20 mi/hour. ^ - . " 

a) 8t - 20{t - 2) = distance apart at j^ime t . One hour after the 
- friend 'begins (t = 3) the distance apart is h miles. 

b) When the distances both have traveled a:c^„^qual, ^(t - 2) - 8t 

and t =. 3^ hours. The distance is '(approximteiy) 27 miles* 
• 3 , 

Rate of bicyclist A is h miles/hour. 
^ Rate Qf bicyclist B is 5 miles/hour- , , * * 

Rate of preposterous bee is 10 mil^es/hour. • ' - • 

a) ' lot + 5t - 3P *' , 

15t = 30 : 

It . ? hour 
bee traveled 2 X 10 - ?0 mi - 

b) ' ift + 5t - 30 ^ . 

. , • ^ . * 9t ^ 30 ^ ^ # 

t . 3t hours ^ 

Total distance bee traveled - 3^X10^ or 33^'nii-' 



»., *• .•^ »• 

• > » . . • V 

. ^16 ^ The stat^to^^ of *tHe Liziear iCbordlnate Qystex^ Principle cXeajrly fildfcates 
. '* ■ • - » ^ * ■ * * « * . 

'that^the n^asui^ ©f distance are pr6porti6nal, but it is perhfii^s not so 

clear that the criteria for ox^r, or betweenMs^s,*alsq^carry ovey in the 

•coordinate systems \Aich we consider, if is pat a* trivial mtter to show 

^ !tlia;t it does. Unfortunately ^ any •numerical •example w<hi1^ be. hopelessly 

artificial." An Illustration of tl^is idpa gan be* f ouhd i4| physics- Sie 

boiling point of alcohol is between the, boiling poijt of wgxer and the * 

^ / freezing poiqjb of •water. {Rie relationship <ff .betweeaness w6uld hol^for^the 

corresponding temperatures at tjiese points, wtjetheir indicated lp» the 

' Fahreifiieit or the Centigradf=» scales^ * " • ' > . . ' 

. ^ ' X " ' 

18? l^ie notion of a point of ' division may \^e. extended ^ include the end|)olnts 
• • ' . , * fc. <^ ■ 

of the feegBient and jKJints external ,to the segment, but directed distance 

should be used in this case in order, to iissufe uniqueftes^*.. If in tliSe, equation 

d£P^ ^ t> we-d^ine d(P,X) to be the' direcsted. distance. from P to, X and 
d(P,Q) / * ' • * • e , V 

d(P,Q) to be the directed distarfce frfcsn P to Q , 'we may write 



= t 



q - P 

In this case, when 0 < t < 1, we still obtain internal points of division. 

When t 0 , we obtain the coordinate o^ Pjj^^en- t - 1 , we obtain the 
coordinate of Q. When t < 9', we obt U^Spi! t?dtejd4aiates of points in the 
ray 5 , which are external to ; wh^n^ ^i?/lw'dbt^n pointi in. the ray • 
PQ which are axtemal to PQ . ' ^ 

18 If your etudents are like ours, they will coinprehend the 'notion of e'. 

weighted average even 'niore clearly when it is eC^plicd'to test grades which 
are ^'weighted'^ in calculating the final average. 

^ There is aO^ditlonal material on' linear combinations in the Supplement 

to Chapter 3 Q^u in SMSG Jntermodiate^ Mathematics on pages 37^-376 ahd^page . 
■ * \ ' . , / ' 

The paramet^ric representation is e(iulvalent' to the extension of the 
notion of point of division given in the note on page i8. If the i^lSG 
Geometry with Coordinates is available, you may ^wich to 'look at 'the material 
on pagQs 107-111* ' ' ' - 

I'-l The material on the analytic represcntationn of the ^lubsets of a line is 

more important as an introduction to latdr^worj^ than it is in itself. It 
provldeia a review of the notion o'f the graph of an equ^ation and a reminder 
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that conditions tjther tiian equations ateo' have 'grap^ . J||the etiifients are 
not faniliar vith the properties of inecjualllles, it may pecessaiy to . • \- 
spend^a little time on them at this i»lnt. . • ' ' r * * * • 
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' Bcercises 2-2 • . • 

(4) -2-1 -0 12 - . ,', ,' ? •, , 

I I I I I H I I H I I I I . 1 I I I .1 I ♦ I 1. 1 I I »-l ' 



(b) Q J. 2 3 4 5 0.4 « «■« ' '••^ 

I I M I I M H I I » I I. • ' I M l" l r I II M .1 I 1^ 



(c) 0 13 5 

M I I I I' 11 » I I I 
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I I I « I I 1. » i J [ I I h I 



.(d) -3-2-1 0 I e.3*4 5 6 7*(b») -2 -I " i 0 - ' .J 

■ »T| I I I I I I I I ^ I l-l • I I I I ♦ I ♦ I I I I I "Hi 



I I I ♦ r I I I I M I M 



(n) 



(of 



O I 2 




2tf ¥3 



(p) 

4, 6 -3 -2 



-4^-2 0 12 4 6 -3 -2 O'^ ' 2 3 

. ft M I I m I I 1 1 H ^H>+-H>H^+>HH^ 



(h) ■ . (q) 

-ft -4 -2 012 4 *6 h*^ _-- - . 

I I I I I H I t I I l-l I I - - H^ l i I I I M I j I I I l. -j 
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15 



' Altemativ« (x- 3)(x- 4);^0 * «• . 

- (bf '2^ 3^<2 (g) |x-|^£*| 

(c) If b >-a: ^ 1*3 

x > a f 2(1? »a)=2b-.a ^ .5-^-5 

■(d) i(,,.V* ' • ' 



(e) (wl)(i)(x-l)(x--3)|'< 0 

AlteiTiatlve: -1 < x < 0 
or 1 <'x.< 3 



(i) sin « J ?^ P 
(J) gin e > 0 



(a) 3a , -3a • ' 

(b) All values/of x such that 0 ^ x ^ 1 



'(a) 










11 


(c) 


m 




..(d) 


m 




%) 


m 


^ T H 


(f) 


m 


=|. 


(g) 


m. 


= |(3 


(h) 


m 








(a) 


X 




(b) 


X 


^ p 


(c) 


X 


is ' 


(*X 


Q 


is • 


(e) 


P 


is • 


(fl 


Q 


Is ■ 



a = 6 ^ 1? =^ 9 

a = 3 . * l> = 8 



^ a=r+^ b^r-^ 

t)*^ + 1 ' a = (r + t) 1) ^ (r + t) 

^ ' I*- ' 2 

.^t a « -r + t • b » |r 2t 

2^.2 ^ ' 2/ 2 ' \ ^ 1/ 2 % * ^ 1/2 

r 3 

\ 2 1 ''12 

+ 8; a=-r+^ b=jr+^ 



16 



12 



6. (a) t » -1 

t « 2 
. (c) t = .3 

(d) = -I-- 



\ 



: 1 



2 1 



^ ^ -2 



1^ 



9 



8. 


(a) 




1 

3^ 


\ 






* 2 
3 








(c) 


9 


13" 














9. 


(a) 


■^1 2 




f 

2 






T = 2^ 


^2 = 






Cc) 

• 






kl 


10. 


P 


or ^ 
li If ■ 




• 




Q 

R ^ 


1 or if- 
6 or 12 


4 





\ 
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26 * The teacher «lU7havie to Us^b dudgntejit as to how much tims, should 
• t»e spent, on caordinate systons In the pl^uiQ i^tyt'of the type we deflie.k 

.^Por exaa^jle-, If ve consider twcr na^aliy perp^dicular lines iid on each 
of them a perfectly arbitraiy lihear coordinate sysi^em, th^ by the aethod 
dfiscrtbed in the text th6re ejtablished^a one-to-one correspoiidBnce 
betveen the points in the ^aane and the ordered, iklrs' of real foMierm.^ 

^ However, many things becone coa5)lipated. Th^, SLLstanfee between two . 

points, for exan5)le, la no longer given by ihe ugu^l finnula. Piwbably. * 

^ no .flore than, a 'few minutes; shouldV spent 9n this in dVkBB,' afjsr Wch '* • 

. caiaUenge Exercise k on page can be as's^gned^ (See Supplemeit C foy 

.. more on this subject.) ' ' - * . 

27 We may,, of ccairse, extend the notion of -point * of divi'slon as we did 'on. 
page -18. . ' - « 

♦ • ■ ■ , V - 

29 If thfe SkKJ Geeaaetiy with Coordinates Is avgtilable, you "may want 'to 

lock fat pages 5^3-55C^ whei^ there is yi alternative development of the 
parametric representation of the {^lilts' on a line. 



4 



EScerclses 2-3 

1. (a-) M = (3,lt|)' - ' ' " ' ■ . 

(2,3) • 
B = (4,6) . 

(b) M = (5,7i) ' / ' ; ' 

c . - ■ \ 

A (1^,6) . • ' 

B^(6,9) \ ^ J 

(o) M= (3i^^4) ^ \ 

A - UyJ.^) ^ , 

. (d) M (-2i, ) . ; \ ^ 

• 18 

Ik 



(e) M = (0,0) 

■ B = (2fl) 

(If) .M = {-l^|,A|) 

4 = (;i*,-5) 
B = (-5,-tv) 

(g) M = — 2 

.A = — T" 

9" 3 ' . 3 



(1) M = (^ + f , -2r - 





A = 


(^-,-?) 




B = 

* 


^ 3 ' 3. ' 
• 


(a) 


X = 


2a + 6b • 




y =^ 


3a + b 


*' 




Jte + 2b 




y = 


5a - 7b ' 




X = 


-3a - 6b »■ 


/ 


y'= 


il6a + kh 


(a) 




2 + kt 






3 - 2t. 






-h + 6t 




y = 


5 - 12t 






-3 - 3t 




' y s 


-6 + lot 



^ If, Ifl eipiation (d^ ^ Xq « or, 7^;= Vj^ 



or 



4 



0 . > - N 



These are conditions depending point^n lines, paraliel the y-Qxis ' 
*^ or X-axis respectively/ » < • d 

. * Ce ) SUbstil^ting into' e<iu^l»n* ( 1 ) we ^ee 



Chg^k: 



10 6_ ^- , . 

25 " 15 . , ' . 

2 ' 2 . . ■ ' 

^. = - ■ .*. Points A , B , C coUliiear 



(b) 



<i(A,B) = V'C? - (-3))^ + .(O - {.G)f 
dCB/c) = 7C(-3) -,22)^ + ((-6) - <^ . 

<i(A,C)-= ^7 - 2^2+ Co - 9)^'' 

= = 3^ 

d(A,B) + d(4,C) = 21^'+ -'d(t,C) 
^* A, B, C mji^ be colllnear 

- 3 ? ^ - (-14) . 

f . -4 / 18 ' 

3^ f -g- not colllnear 

d(B,C) =/(3 - (-5))^ + (^-U) - (-6))^ 

KA^C) = i/((-l>- (-5))^+ (i^ -.(-6))^ 

d(A,B) + d(B,C) i d(A,e) 
This verifies that the points are not colllnear. 

20'' 



6. Given 



{that: 




V 



4 



A (Ij-l) r 
P (11,-3) 

- 3^.:^ - T 

- -3-7 
32 = 30 



■ • ' ' . ^ • . 

30-38 *P0la3» coordinates ai^ a nev ^topic ' for D^ost studentB and care mst '^e 
.. iahen' in their presehtatien. mie priinary difficulty is the kiltiplicity of 
the polar representations of a given point. * ' ,\ 

31 1 Other exanjles of the physical application of polar ctiordinates occur ^ 
• in 'aii: and sea navigation. IHe path of a racing sail "boat heating up to a 
mark.w appeal to^ some students. The paths acrpes newly plairted lavna bn 
comer lots bear this out, too.' 

31 :he definition of the polar 4gle it «nay he necessary to stress that 
the tenninal ray of the 'awgle need not contain the pointy . This is a recurrent 

^ pitWi in verbal descriptions. The angle POM ^ is not the only polar angle _ 
of tH^^int P . 

32 ' The fact that (r,e) and (-r,e + s> both represent the same point . 
is-worth^ of emphasis. A student of the c»lculus must exercise particular care 

, in*the use of polar coordinates. If a curve is syinn^ric with respect to the 
origin. It is all too easy to sum up the area bounded by the curve on one 
.■ std9''of the origln-and at the same time subtract away an equal area on the 

' otherl A Judicious use of syinmetry and boundaries is essential in such casqs. 
^.' 35 - ^ncfe again we want to stress the freedom to choose our analytic framevorlr 
. 4 any way which wilA make algebraic manipulation as painlesg as possible.^ 
In general. If P and ^ are "any^ two distinct points in any plane and if 
^ (p^,?^) and" (q^tq^) are any two distinct ordered pairs of real numbers, 

there exists a rectangular coor^nate system In that pl'ane in ^ch 
^ P=(Pl>P2) Q = fq^,q2) . "i^hennore, if we let. (f^^,©^) and (r^^g) 

, be any two distinct ordered pairs of real numbers/ .there exists a polar 
' ' coordinate system in the plane in ^ch P = Kx]q^ Q = ^^^'Q^^- 

• that the change from (p^^Pg) and (q^,q2) to (r^,e^) and kr^.Q^ was 



I ■ 
% 

, i 
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lumfe^eescayj any tub /difitlnct ordered pairs of real mxabers be^pooi^Uiiates 
^ . <rf P and^ Q In (^?^dtnat^ systems oif each type* ly at least one of th^ 
, ^ points is* not on an aid. the TOotdinate bystcjia is unique .J • ^ 

3^ ^ A BKHnent>8 thoui^t slKsuld cxmyizfce you that the usual equations r^^ting 
^xLar an^ rect angul ^ coordliptes are^^c^ss^letely depedSexxt upon, a particular 
orientation pf^l^pth cbordinate syst^ in the same plai^.j If either .coordinate 
systail s&)ul(i be intWduced differently into the plane, we would have to 
deyelop r^v eqjuatlons of tz^msfoiroation* v * ' • 

36 The ordered pairs • {r,e) satisfying eqi^tions (2) describe two distinct 

^ points,^* but, once the student has ^bvelope'd some f aciilty vith jaolar coor^nates 

it will be-^sy to choose the appropriate' ones«r If the stndkxsts are f^^u^ter^ 
Vwith the itxvetse trigoncssetrlc relatlonp^ they may prefer acme eqjuivBdei^^Qr 
the f oUwing def itotion, * . * 

P ^ {(r,e) ; <Aexe . r = t/x^ + y^ ^ 0 , 9 ^ cos^^ - , • 



= sin 



■1 Z ; 



.•22 — ^ • 
where x ■^y = 0,r==0 a&d & is any real mimber.) IfopefuUy, a stirdent 

will ask what to do vrtien x =5 0 , since one of the equations of transfommtion 

is not defined, So^ other student should be able to point out that in this 

case e = ^ + *njt , lAere* a ife any integer. j 

37 Example 5 is wor^ pome attention^ for^the application of the Law of 

Cosines as a distance formula in polar coordinates is often convenient. 
Again there is a loophole, fox it may not bp. apparent €hat the Law of Cosines 
still applies if 6 = 8 + , where n is any integer. In Section 2-7 

we shall have occasion to point out ^Aat the relationst'.p described still holds' 
even when the "yertices of the triangle'' are qollinear. 

38-I4O There is a wealth of practice exercises here. Exercise 5 would require 
'seventy different answers if kll parts were done; Exercise 10 has over' thirty 
, answers. You will probably want to pick and choose within this set of 

exercises, but there is plenty of extra drill available for 'students who need 
it. - . . . ' 



00 



18 




,(5,^95**) 

(S,90°)(-2.270'*) 
(2,^50°) 

^, ; (3,600°) 




- B(3,30b'*f 



(2,^-90°) 
(3,-60^) 



f - 





3,120^) 



2 . 



(-3,120**.). 



. (-m5o°) 



(-6;2ip°) ^. .(6,|) 

(-7,21*0°)^, ^(7'f) 



(-8,270?)'-\ r(8V|) 
(-9,300*") 



•K(|,210°) 
L(I,2lK)°) 
- M(5,2^**) 

N(6,315°) 

. (a) (0,0)' 
(^) (1,-1) 

(c) (|,|^) 

(d) (Sod: 

< 

. (af (V2,l*5°) 
• (bX (2V5,315°) 
(c) (b,0°) 

. (d) (q,|) 



(t/:30o*?) 

(6,-270°) 

(10,-210°) (-10,330°) - 

■ 

X|,-i8o°) ..i^l(-.|,-o°) ' 
(|,-15P°J (-1^30°) 



(9,f) 



(/-75°) ' 



(6,-U5°) 



(-1,60^) 
(-5,105°) 



(6,30°),. 
(7,€o'*) 

(?,12C5°) 

(i6,i5K)°y 

J3 



2 



(- |.60*) 
(-5,105°)- 
(-6,13^5°) 



.(e) (-1,0) --^ 

(f) (0,V5) 

(g) (^,-v5r V 

(.e) (2,150°) 

it) (2,2l»0°) 

(g) (V29,22°) 

(h) (^, 166°) . 
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25 



• . ■ ^'^ J ' . 

(a) d(A,B) iflien A = (2,150°) and B « 'fit, 210°) 
' - 

■ ^ 7(2)^ + (Uf - f(2)(i^) ces (210° -'150°) ='^/3 ' 

' • . • . • . " \ 

Ifelng rectangular coordinates . ^ — 

* \ A = (2,150^) in rectangular c^xjrdix^tei? 

B ^ (^210^) in rectangular coordinates (-2^3^-2) 

d(A,B) = 4^-^ - (-2yj))^ -^ (1 - {-2)f. ' . ' 

()>) Using reo^Mngulaa: <;50ordina^es: » 

A = (5,j,^^ ) . rectaiu^^x 'coonSlinates {-'2^^^. Zyg 

B (12,^ 'n)' la" rectangular crordlnates (€^,-6^) 

(a) d(A,B) = V^T? • 

-. ' ' ^ 

(b) A = (2,37°) , B =^(3,100°) ■ 

d(A^B) , I'lfr + 9 - 2(2K'3} cos '(100 -'37^^ • 
d(A,B) = V4 + 9 - 12(.454) * 

« 

d(A,B) = A +. 9 - 5-^5 = fl^ = 2-75 

(c) d(A,B) = V52 

(d) d(A,B) = /f ^ 

(e) d(A;B) =7' ' , 

(f) d(4,Br^5v5 ^ 
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00.300") 



w 



CE 



m 
w 



D 



(^,270**) 



F 



(^,?10°) 



F 



C. 



(5,300°) 



(5,120°) 



(5,180°) 



(5,60°) 



(5,0°) 



(f^,330*) 




(f^,l50°) 



i 



This chart shows the pointy 
of Intersection of the dia- 
gonals of a be3C9£on inscribed 
in circle with radius 10 ^ ..t 
one vertex at (lO,0°), 



The tiwelve interior points of Inlprsectlqn different from 0 are 



Dl^ dliT 



(^,50°) 

(^,ao°) 
.(5 , 0°) 

(5,180°) ' 



(f/3,90°) 
(^,270°) 
(5 , 60°) 
(5 , 240°) 



150°) 

(^,330°) 
(5,120°) 
(5 , 300°) 
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(b) (C-D^Sr^j , 6^ + «it) . . . 

kl-k9 Stud^is Bhcail* find litUe'if any new material in this section. It is 
included for review and {Mi?>let«ness . , - 

in* OSie geqnetrlc form is useful in developing equatl4ias for a line, since 
it is oloseiy aUied both to the geoawtric picture an^ since 4e aenn ml n ntorB 
etre direction nuabers for the line, -to tfie paranetric ^^gEesentation f oT- the 
lir^- It correspOTidB to the sy^aetric equations for, a lljae in 3- space. 

U3 inclination is defiled geometrically, since our point of view is 

geometric. This definition may also prepare the student for the definition 
of direction angles in the following section. 

kh * l^^e that inclination is defined even %iiien Slope is ]K>t. „ ' 

it§ ■ * Since the general f^^O^ an equffClon of a line does not reVeal 

i^dlately the geometric characteristics of the line, it ia worthiAUe to 
develop facility in interpreting the geo^Hc properties from the coefficientB 



icercises 2-^ 



1. y + 3 = 2(x - 2) 

2. y - 5 - - f + 3) 

3. y "= 3x + b 

i^. -y - 5 » f - ^) 



« 



5. y = k(x - a) y-lntercept at (0,-ka) 

■4, ax +t>y = G- ' a, b real nuBibers. 




V 



5x + 3y = 0 contains (-3*5) . .. . / 

7, Slope of 0? is I slope of OB is - ^ 

Two lines are perpendicular if and only if 
• ' (a) tl» product of their* slopes if -1 or . 
(b) one has no slope «&id the other aero slope. ' 



8. 



X 8 y - 8 



28 . 



2k 



9. (1) 



X + U y - 8 



(2) 5x + ^ - 28 « 0 

(3) ^ y ~ 8 = - Ijix^ k) 



(5y ^ + a. 



(6) y- 8 = |^(x+ 1*) 

(7) (y - 8) 



Slope: - 



28 

x-lntercfpt: -g- 
a„ c 

. y = - b * - s 



1^* 

y- intercepts — 



10. 



11. 



12. 



a) If 15 =i"JO , blc ^ 0 , line is viertical, through (- ^, O) 

i c 

h) If a = 0 , he ^ 0 , line is horizontal, through (0,- ^) 
:) If c = 0,abj^O, line has slope - ^ , through (0,0) , 



7 

a)y=-^x + 5 s ' 

h) y = X - 5 

\ 2 ^ 17 

c) y.-Y3C+-f 

d) y ' ^ ^ 

e) r-^^ 

\ ^ - 3 y - 2 

^' 1 - 3 "-2 - 2 

h) -nie midpoint of BC is (| ,3) 



Median from . A can be represented by 

— = y 'I'll , or IQx - y - 12 = 0 •.' 
2 " 



X 

1 



(c)/ The midpoint of AC is • Ari,d'frojn. (b) miapoint of 

ifl (1^3^ • Joining these two points is repressed by 



1 

X - — 



2 y 

I. 55, a— 

2 2 



, or 2x - y = 0 . 
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I3i» (H'ven the a9^aditlon§ of tba problem, it api^ars that there are 'tiiree 
pQSBibXe soluticms* (sloetc^ belov) 




/ 



Triangle Tfcds triangle cot satisf victory, since Its ^^^a mat . 

be greater than kO ; that is, its area includes that of the rectangle 
with 0 and *P as opposite vertices, ax^ adjacent sides cm the axes* 

aVi^Mtt fii i* (2): Hie •area of the triangle is |?^^2. * slope of 

BP = sloi^ of, AB and • , . 

8 '^2 , . * 



Solving for ag , 



ailjstljtutlng into , we find that the positive root Ib 5(t>j^ = 5) 



using = fTT" ^ 



"HB find bl^ = h . 



!9ie equation of the line thiwi|^ (0,1*) , (-5,0) , and (5,8) ^ us^g 
the symmetric form is 



- 0 



30. • ^ 



lErlangle Q): Area erf tarlaagle 3 is 3^2 

. Slope, of ra » slope of aI 

2 * 



8 



a 



Solving for a_ , we see that 



8b, 



t 20 

Substituting in ar^ fwntixta, b^^ ^ and a^ « 8 f 

The eqjuiation of the lii^ through (0,-8) , ^ , O) in 
syiaaetric form is ' 




Since this is such a long "chapter, you stay want to test the students^ 
this point,' With this in mind we have included a cop^Cs set of review bjoA 



challenge exercises frcan ^Aich selections inay he siadei 



Review Exercises - Section 2-1 through ^'ction 2-5 



1. Cx: 1 < X ^ 2} 



± 



J L 



/ -2-10 
2. (x: (x - l)(x + 2) = 0) 



f 1 i i ; 



-r 



t 
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3.. (x: |x| < 3) ■ ' 

— ' ft * ' ' ' ' c 

• • . ' ■ 

-•-• -4-«-l -I 6 1 I S 4 « I T • 

5» One-space: A point four units to the left 
of the origin. ' * 

Tw-space: A line parallel to the ^-axLa 
four uxxits to the left of it. 



5^ The eiB^ty set. 

(hie-q[>ace; A ^gi^qt of the x-axis 
Deti^n, hut not including the points 
X ° 2 and x = 6 . 
2-space: A portion of the jcy-plane 
betvsexi httt excluding lines x » 2 
and % ^ 6» 



8. (toe-space: The portion of the x-axis 
to the right of 2 induing x = 2 
and to the left of and ij^cluding x = ^ 
2- space: Ihe portion of the plane to thfe 
^ right of and including the line x = 2 and 

. the portion of the plane to the left of and 
including the line x = -2. 

fuy. ■ 



32 



28 



space: A segaient of the x-axls be-\ 
twen and. Incli^nft tiie iK)ints x 6 
and X ^'.m6m « 
2-9paces The portlcm of tiie plane 
betwen and including tl^ lines 
x'= 6 and X « -6. 



10. Let m represent the midpoints and t 
points. 




, represent the t bisection 



.(a) m = -T 



0 and = 1 



(b) nt =. -2 



tj^ = -3 and = -1 



(c) m « 5 



- i and t = 1^ 
3 2 3 



11. (a) (2,f) • 

(c) (5|-53 ) , approximately. 

12. (a) (21^,2^) ■ • 
• (b) (-|/^) 



(d) (1^,236°) , approadaatelor 

(e) (1,0) 

(f) 

(d) (31/2,3^2) 

(f) ^^4) 



13. 3x + Ivy = l^v 

Ih. 8x - lly + ^ = 0 

15. 5x - 2y + 10 = 0 



V 
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17- y - 6 . 
18. x^k 

19^ The eqexation for. AB is y = x> bv5 
The e(|tiatlon for BC i& y = \ 
The eqUf;tion tbr CD is y = x + 6-/3 



The equation for EE is y = x - 6V3 
The equation for EF is y = -3^^ "\ 
TbB equation for y = x - 

20. The e^tion for AB is|^ x + y - 6^3^ = 
The equation for BC is y - 3V3 = 0 / 
The eqjuatlon for CD is V5 x - y + 6^ - 
Tbe equation for EE is 1^ x + y + 6V3 
The equation for W iS^ y + 3V5 y = o' 
The Iqiiation for FA is x - y - 6vf ^ 

21. The equation for is ^ 2 ^ ^ 

The equation for BC is not defined 
The equation for CD is ^ ^--^ = -i- 

The equation for EE is ^ t = LjLij^ 

The equation for EF Is not defined 

The 'equation for WA ie ^ " ^ ^ 3^ 

22. -T^ is the slope of AC . 

is the slope of BD . 

3 ^^"the slope df AE . 
-5- ie the slqpe of DF . 



34 



30 



./I 



23. 



i 



Let t, and represent the trlsectlon.pf>ints. 

For AB , tj^ = (5,^) and tg = (l*,2i^) . 

Fbr CT*, tj^ = (-**,2i^) and tg = (-5*i^) • 

0 ■ 

fbr li , = (-5,-^3) »9d tg - (-»v,-2i^) - 

Fbr ® , tj, = (-l,-3t^f *2 " ^^''^^^ * 

Fbr H , tj^ « (l^,-2Vf) and tg = (5>^) • 



2U. (a) P=(U,2i^) or {8,-2^) 
<V), Q «= (f ,3V^) or (21,3Vf) 



V 



25. 



26. 



The inclinatlOT of S * 120° 

^0 c 

Bie inclination of AC » I50 
The Iriklinatlon 0f ^ 30^ 
The inclination of AF = 60^ 



Syisnietric form. 

displays direction pair^ 



\ 



does hot exist for line? 
parallel to yitror bxLb 



General form. 

always Exists 
displays direction pair 
ease in cos?)uting intersections 
ease in telling if ^ I* contains (O, O) 
Point-slope form. 

di^lays slQpe . ^ 

ease in testing if P is on L 
Slope -intercept form. 

displays slope and intercept 
Intercept form. 

displajys intercq^fts 
^ displays a direction pcdr^ 
Two-point forfc|.- 

usual -way of finding line 

through tvo points 
determines slope 



conceals intercepts 



does not always exist 

ctoes not always e^st 
diDCB not always^ exist 

must be used in different fofto 
if vertical 
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(a) genezy. fom 

^ (b) intercfept fora 

(fe) general fom 

(d) slope-Intercept form 

27- A sqiiare as shova in tte figiire 



(e^ slope-lotercept 

(f ) symaetrlc 

(g) 

(h) jsysfiietrlc 



(28. 




30. 
31. 



It la interesting tS Ittive students note yibe.t fic^pens as tbe £bnsta^ 
tem ^ihrlnks to zero- At this instant ths square sbrlnks to a po^nt 
The teacher udfi^it ask hagppens idien the constant is ne^tlv«. 

Tbe half-i^lane above and excXi^ding the line x - y - 1. 

The half-plane above and laciiadlng thB line x - y = 1. 

The "triangular" portion of the plane belov and excluding the lines 

X - y = 1 and x + y = 1. 

Graph for Exercise 1?. - 

CitJBff hatch 8lK>vs intersection set . ■ 

y 





> 



i 



32. The graph of Rj^ in 2 

and ejccluding'^the' lines " X = and x » 



S 



:e is the -vertical strip of the plane between 
id 




The graph of Rg in 2-space is the horizontal strip ofHhe plane between 
and excluding lines y = 1*,. y = The cross-hatch 'in the graph 



represents ^g* 



and 



In one-space \' is a segment between and exfelufllng points x o U 
*x = -k; for R2 ^ sajae si^ijation prevall^on the y-axis. , 
(Tie line for p<;ints y «ay'be any Une.) R^O is a single point, 
provided the x-aris Intirsects the y-axis. . 
in 3-^aee ve can visual!^ aiid as the path of tfee 2- space graph 

for each separate set as it rn^s perpendicular to the plane of the page; 
R^n Rg as a rectangular solid perpendicular to the plane of the page. 
The bounding planes are exclu*d from the graphs. 
33. If < is replaced by < the graphs Wd be as in Exercise 18 exc5>t . 
■ the boundaries would be included in every case.. For U Bg 

definition of union of sets. The instructor nay very well use^this 
grSup of exercises as an informal introduction to'faMlies of curves. 
Bote the role of the parameter. ^ \ 

3U. use two-point or point-slope or otherwise to obtain F = |c 4- 32. and 

C _ . 32). Science students need not m«iK)rize the formtrf; they can 

* ? . . 

derive it. • 
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35. 55ie separa-jp gr^hs Rj^ to Rg are labeled in the figure. 

n I^n is the set of all points on the triangle and its Interior 
a3 shovn hy the crojss hatch. 
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itation with iaeas that go Iseyond 



1 (Sood students shovild enjo^ this 
the routine, ^ 
(a) Set of likes parallel to y-axis through pVints (x, O) where x 

ranges over the integers. . . \ 

(h) Set of lines parallel' to "toe x-axie through points ^{O, y) where 

y ranges over the integers, 
(c) The set of all lattice^ points of the plane - 
:'(d) Includes all of Rj^, R^, ^3- A grill such as paper ruled in 
cross section, 

(e) Boundaries on the heavy sides are included. 

(f ) SaB» graph moved k ^jnits to the right. 

(g) and (h) Hotice effect of placement of jninus signs. 



(a) = C(x, y):[xl = x) 

y 



(h) Rg = ((x, y):[yl - yl 



3 

/ 

-3 





y 

/ 














■ -3 -/ 


i Z B ) 


-/ 




-£ 




\ 
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(c) = {(x, y):[x] = x} n {(x, y)i[y] = y} 













• 




• 3^ 
















• 


• 


• / ( 






-3 




-/ 0 








• 




• . • ^ • 






• 








• 


• 


5 


V 





(d) Rj^ = K^\J 







1 

1 V 




y 














J 




4 




























/ 






















i— 


* - 


















f 






























1 



(e) R5.= {(oc, y):fxl = [y]) 

y 




(f) Kg ^ {(x, y):[x3 = [y + k]) ^ (g) R^ = ((x, y):Ixi [-y]} 
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(b) d(p. 



(c) and RS mast either be parallef''or have"si^ipl^aen*ary 



inclitiatic^s . 



Let = - 



Fran part la) we laww that for • a(P,Q) = d(R,8) we sniBt 



have iv^ - Tj^) + a (Pg " = " s^) + a (r^ - sj 

. ■ i * 
But also i-p^ - X}^) + (pg - q^) - (rj^ - 8^^) + (r^ - s^) . 

Thus (X - a^Xpg - q^)^ ^ (1 - a^){'r^ - s^)^ / Since ^ / o, , we * 

know a / 1 • Therefore, 1 - a ^0 and ^ i8ay\diviae "by 1 - a • 

From the result we see thai the distances In the y-direction lauet be 
eqjial- Bat then the* distances in the x-direction met be eqjual. - These 
(Kmditions are satisf ied only vhen ^ and W ,are parallel or iiheh 
they have supplementary inclinations. ^ 




'J . 
Hie line laay be, writt^ 
in 8f silkier analytic 
representation. 

^ + 3y - 5 = 0 • 



6. 



The graph of (ax + by + c) =: 0 is the same as the graph of 
ax + by + .c ^ 0 . A simpler >epresent£|tion is ax + by + e = .0 
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10. 



xf s 0 



U. (a) rational 

(b) rational 

(c) real 

(d) •conqplex 



t 



1 



\ 



12. (a) B stay be any line c^sntaining the point 4) except 

I* - {(x,y) : X + y + 1 = 0 ) # 
(b) S may be any line containing the point ^ i) lexcept 

L = C(x,y) : 3x - 2y"+ 2 ^ 0 ) . 
Cc) T inay l^e any line containing the ^poiat (- - -) . 

13. (a) U .is th e whol 4 plane except for the points of 

^"h = {(x,y) : X + y + 1} 

Miher than 

5 5 

(b) ^ Y is the whole plane epccept for the points of 

L - {(x,y) : 3x - 2y + 2 - 0 ) 

4 X * . - ' • - - ■ 

other than -s^ - 

(c) W is the whole plane# 
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.... ..-rt^'ijti 



^ ■ ■ ■ - . . . 

Ih, There are two possibilities: = {(x,y> : * ^(fT * = 0 -) ^ 

Kod = X(x,y) : * \y + = 0 ) nay intersect at a i»int 
(x ,y ) . Jnthis case,^ . . " 

(a) R maybe asijr line containing * (^q'^O^ • except \ $ 

(b) S maiy be anjr line containing (x^^J-q) except , ^ 

(c) T is the ^^ole plane except those iK^iifts of Lj- other.than (x^^y^ 

(d) U is the whole plane except those points of othei' than (^Vq 

(e) V may be any line containing (Xq^Jq) , and ^ i 

(f ) w' is the vhole plane* 

'\. L. and fey be parallel. In this case, , 

{A) unless R is empty, it is a line parallel to and Lj^ except 

, when k = 0* , R - ; 0 < k R is between , and 

lAen -1 < k < 0 , Lq is between ^L^^ and F ; then k = -1 , R is 
empty (the null set); ^*en k < -1 , L is betwopn and R . 

-(b) The same argument holds f or S , but the roles of Lq a^d are 
reversed. ^ " 

(c)y T is the whole plane except L^^ . * ■ 

(dJ U is the \^ole plane except • 
. - (e^ unless V is empty, it is a Tine parallel to^ and . When 
n - 0 , V - Lq ; when, eq = 0 , V - . 

(f ) W is the whdLe plane. 

C 15. (a) the null (or empty) set, 
(b) the whole plane. 

We include a copious eet of Illustrative Test It^ f^rcm vhi-ch we laay 
wish to make selections. 



^1-15 



2^ 



« 

Illustrative Test Items for Section s 2-'l through 2-5 

* ■ , 

If ? and Q have coordinates 3 and ;respectively In one linear 
tK>ordlnate systm on the line c^xrespondlng coordinates anA3 
respectively in a second linear coordinate system, ^Aat are the 
corresponding coordinates of i>oints with the following eooirdinates in the 
first coordinate syst^f ft • 

(a) 0 ■ (e) - 3| * . / 

' (f) -13 

. % (S) U 
(d) - i " (h) 10 

. . . V • 

If M , A , and B are the mld|»ii^ and trlsectlon polol^s a£ , 
find m , a , and when 

(a) p = 3 , q - 12 

it) P = -3 , <1 -1 

(c) p = -2 , q = 13 

(d) p = 2r + 38 , q = 3r - 2e 



If the coordinates of F , Q , and R are 2 , x , and 12 respeotlTely, 
fln4 the imlueCs) of x such that 



(a) 


d(P,Q) 






d(P,R) 


- 2d(P,Q)- 


(c) 


d(P,Q) 


- 5d(P,R) 


(d) 


d(P,Q) 


= 2d(R,P) 


(e) 


d(Q,P) 


- |d(P,R) 



If M , A , and B are the midpoint and trisection points of p5 , 
find the coordinates of M , A , and B when 



(a) 


P = 


(2,1) , 


Q 




(b) 


P - 


(7,i) , 




(-y,l) 


(c) 


P ■■= 


(-2,5) 


, Q = 


-■ (7,12) 


(d) 


P = 




, Q 




(e) 


P = 




Q - 


(s + r,2s 



3) 



46 

k2 



P , Q , and R are poljats In a plane with, a rectan^ar coordinate 
syettyn. Dateraiiie Aether the three poi&ts are eol],lnear if 

(a) P=(-5,5), Q'^(0,0), R=(L-7) 

(b) P = {-i;5) , (8,-3) , . R« (-7,-6) 
fc) P= (1,2)'% <4« (9,10) , R= (-3,-2) 
(d) P = (9,-10) , Q . (-8,5) , R - (0,-2) 

A line with slope - "I passes through (-3*^) - "^^^ points (p,7) 
and (5,q) Are on the line, find p and q . - 

Sketch the graphs oiC the sets of points on a l^iie with the following 
analytic representatlc^s , 

(a) [x: ^1 ^ X < U] 

(h) [x: |x^- 5| < 2] 

(c) Ix: (x - l)(x -*3) ^ 0] 

(d) [x: x(x + 2)(x - 3) = 0] 

Find analytic conditions i^eh describe the. illustrftted sets of points 
(») « « i i ' i ' ■ ' ' ' 4 ' — L. 



-J I I 1 1 kfmU 

-7 -e -8 -4 -3 -2 -I 



PO i 2 8 4 8 6 



l' « 4 il ' ' ^ V ^ i ■ « i 1 JL 

_f _i -J _4 -3 -2 -t b r E 3 4 8 6 7 



(c) 
(d) 




' » i I I ^i-J — k — r 1 L— L 

-e -^8 -4 -S -2 -I o i 2 3 4 



8 6 7 



t I 1 



f--_J i , i 1 — 
H 0 1 2 3 4 8 6 



I I 



Find three polar representations for the point with rectangular 
coordinates 

(a) (3,3V5) (e) (^,-^0 



(b) (-2,-2) ^ I) 

(c) (-1,V5) ' ^ 

(d) (-21^,-2) (g) (6,0) 

(h) (0/-12) 
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10. Find rectangular (KKxrdinates for the point with polar coordinates 
• . (a) {i*,0) • • ' 

(b) (t^,U5**) 

(c) (6,-120°) ^ >^ 

(f) (-i,-^) . - : . 

!!• Without changing to rectangular coordinates find tte dist^ce between 
the points vhose jxjlar c<x)rdinates are 

' f 

(a) (5,0) and (12,|) ' 
M (6,0) and (6,-n) 
^(c) (4,lt5°) and (5,-135°) 

(d) (3,f r and (1*,^) • ' 

(e) (-6,- f) and (5,f) 

1 

(f) (-3,-90^) and (6,90^) 

12. Find an equation in the indicated form for the line vhlch 

(a) contains {5>3) and (6,^^) j sypametric .form. 

(b) contains (0,if) and (3,0) ; intercept form* 

(d) contains (7,-6) , slope - — ; ixjint-slope form. 

(d) * cc^rbains (13,-6) and (-2,12) ; general fom . ^ 

(e) contains (0,-5) , elope ^ ; slope^intercept fom* 

(f) contains (9,10) and (-V5,^) ; two-point form. 

(g) contains (-5,12) , inclination ^ ; point-slope form. 

(h) cbntainB (5,7) and (5,-3) i two-point form. 

(i) cor^ains (3,-6) and (-3,3) I intercept form, 
(j) x-iiit(^rcept 2 ; y- intercept h ; general fom. 

*(k) x-ratercept 5 ; inclination 60^ ; slope-intercept fom. 

(l) contains (-5,7) , slope ^ symmetric form, 
(m) contains (-5,-^) , inclination ^5 s general form. 
^ (n) contains (7,-2) slope ; symmetric form. 

H 
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- (o) contalBS (6,-5) and ('-3,2) i two-point foim. 

(pj contains (3» .» slope -2 I iofcerqept form. 

• (q) contains (6,l) «na (-2,5) J eXoi^-iiifcercept tasm. 

(r) cOTiaiii* (9,3) and (9,12) i general forp, 

(s) contains (2,3) and (-7,3) J general fom. 

. (t) c<mtalns (-5,»^) , indinatio^ ^ i point-elope fona. 

Show that the triangle ABC is a right triangle if 
A = (-1,-3) , B = (11,8) , and C = (-3,1*) V 



lU. ^d an equation in general fom of the line c*taining t^e median 
to jBi^ BC of trian^e ABC if A = (-2,7) , B - (3,*^) , and 



C = (1,-2) 



15' 



Find the area of the triangle determined by the lines 
w ;= {(x,y): 2x - 8 = 0) , 
' Lg = ((x,y): 12X - 5y - 53 = 0) , 

= C(x,y)j l^x.-'5y + i9 = 0) . 

■ ■ 

16. In triangle ABC , A = (0,0)| , B = (6,0) and C = ^,8) . 

(a) The bisector / A divides the segment BO- in vhat ratio* 
j| '(b) The point D at 'vhich the bisector of /A intersects^? 

(c) Find d(B,D) and .d(C,D) . 

y 17. Find-the coordinates of the points in vhich the line that contains 
(-8,3) and (3,-2) intersects the axes. 



Answers 



(b) • 




(e) 1 



(s) -7 
(h) -6| 
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2. (a) n a 7| , a c 6 , 
(b) jn o -1 , a » - l| , 



a = 3 , 



(d) m-5£jL^ , a..2£JJii 



b-8 

V _ 8r - S; 



3 



3. (&) 0,> 

X (D) -3,7 

(c) -liBy 52 

- (d) -18 , 22 

(e) -3,7 



k. (a) a= (-1,- i) 



(b) M=(^,l) 




A = (0,0) 



(c) M = (ai, A « {1,7|) 



B » (-2,-1) 

(1,1} ' 

B = C^^) 

.2 + 



5. (a) Yes 

(b) Bo ' 

(e) Yes 

(d) Ho 



T + B*'2 gr-t- 2b - 3 
3 ' 3 



) • ■{ 



1 ^ 3 / 



(Deteipine the distances bet wen the 
I^irs of points; th& points axe colllneco' 
cif and only if t^ie sum of the. two shorter 
distances equals the longer, fcre'^ simply. 
Use slopes; the points are coilinear if » 
and^bnly if the glope of ^ equals the 
slope of a) 
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0 i 2 8 4 9 9^ 7 \S 9 K> 



7. (a^ 

m 

(d) 

8. (a) [x: -2 ^ X ^ 1^} , {x: [x - ij ^ 3l , U:, + 2)(x - ^ 0) ^ 



.9 -2 -r 0 1^ 2 I 4 8 6 7 



-» -4 -8 -a -I 0 I t 5 4 



or the equivalent. 



(b) (x: -5 £ X <^1) , {x: ^ |x^ 2| ^ 3) , (x: |-^|Cx+ 5)(x^)^0),. 
. ' or the eqjalvalent. * 
'(c) {x: x(x + 3)(x - 2) = 0} ,{-3,0,2( , or the equivalent. 

\(d) '{x: x^.2 or x^a^w (x: |x - il^^^ , (x; (x + a)(x - 3)^ 0), 
or the equivalent, % 

9. (There arg^af course, unlimked possibilities* for the ansvera to this 
question; we give only a few,)\ 




(d) 

(e) 
(f) 

(s) 

(h) 



6,f) , (-6,^) , (6,60°), , (-6,2UO°) . 
2^^) , (-2^,f) , (2.^,225°) , (-2V5A5°)" 
2,f),^ (-2,^) , (2,120°) , (-2,300°) 
k^l^) , , (1^,210°) V (-^,30°) ■ , 

1,^,:^) , {.k^)^) , (4^,315**) ^ (-^^,135°) 

6,0) (-6,rt) , (6,0^) > (-6,180°) 
I2,f) , (.-12,f) , (12,270°) , (-12,90°) 
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0 (1,1) 



(c) (-3,-3Vf) 



11. (a) 13 
12 

9 



\fb) 
(c) 



(e) 

(f) (-2,^,2) . 

(d) Vl3 

(e) ^ 

(f) 3 



12. (a) 
'(b) 



X - 5 



r^t "H3 

. ' 

(c) " - ^ - ' 2 
(d) 
(e) 

(f) 

(g) 
(h) 



y + 6 = F|(x - 7) 

6!x + - i»e = 6 

3 



y 

y 



2^ 

10 = ^ - 10 



V5 -9 
y - 12,.= -l(x + 5) 



(x - 9) 



(1) 

(J) 
(k) 

^) 



X -5^=1^ (y - 7) 

" 2 

"ifx - 2y - 8 0 

y = X - 5V3" ' 
2 + 5 13-7 



(t) 


X - y 


(n) 


X - 7 

20 


(0) 


y + 5 : 


(p) 


5 ^fif 






(<l) 


y = - ; 


(r) 


• 

X = 9 ■ 


(8). 


y = 3 


(t) 


y > 4 = 



2 + $ , 
= 3^ 



6) 
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13. (a) .(4(A,B))2 = (-1 - U)2 + (-3 . 8)2 « 265 
(d(B,C))2 = (U + 3)^ + (8 - »2 = 212 
(4('a,C))2 = (-1 + 3)^ + (-3 - 1^)^ = 53 

^ Since (d(A,B))2 ^ (d(B,C))2 + (d(A,C))^ , Dy the converse (if the 
ryt&agorean Oheorda triangle ABC ib a rl^ ^riangle with / ACB 
the right angle. ^ ' 

(h) * If permit students to use tte fact that the produdk of the 
slopes is -1 if and only if lines are, perpendicular, the proof 
' follows more readily from the fact that 



m . m_= (- |)-(f) = -r . 
AC BC • 



lifr. 3x + 2y - 8 = 0 

^ 15. 20^ , , 

16. (a) 3 to »t 

(h) (3f,3f) • 1 

(c) d(B,D) = J d(C,D) = 5| 

1 

17. The line intersects th0 x-axis at ^ ,0j ; 4 
the line intersects the y-axis at (0,- ^) .■ 

/ 

57-63 Most students will probably helieve they have a clear intuitive under- 
standing of the l^a of the tvo directions ^n a line and ciay feel the 
..'-discussion here- is pointless. As with the notioi^ of a directed segjnent, %% 
"may help to'ask^thsa to tsy to explain what' they mean accurately, using 
terms with clear geometric meanings. When they find that this is not at 
all easy, they may be convinced that our approach is wqrth studying. ^ 
57 , The open question of lines without slope is consideired in Exercise 5 
* on 'page 61^. At this point we assume that the student recalls that parallel, 
nonvertical lines have the-same slope. In Section 2-7 we shall reafirm this 



.fact . 

57 



V^We shall use the idea of equiv^ent direction nmnbets for line great 
deal; i^ a student does not grasp this idea now, he inay find it a frequ«it 
stumbling block. ' * j. 

h9 53 
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58 Xp^ Bay "well not(|.ifeJiat hafl^ chosen directed angles to describe the ^ 
- lines in the plane, a single^angle wmld suffice. Hovever, a patr of 

ixjnnegative angles is conventional and leads to syam^ric representatiwi; it 
^ is also desirable, sinqe a triple of direction angles is much neater in 
• 3-space, The extensioif to spaces of higher dimension Is ImBiedlate with the 
approach adopted here. ^ 

59-60 . The fact that the pair of noimatized direction numbers and the pair of 
dlrecti-on cosines are equal is extronely convenient. 

.61 The context \diich 6pecifies a direction f<5r a line varies and is, of 

'course, trec^ently qjuite colloquial, as *'the line fr«a P to Q". ' 

Exercise 6 on page Sk asjcs for a 'Justification tha^ tl»e alternative 
direction angles for a line are respectively suj^plaaentary. . ^ 

o2^^ The information developed in the solution to iSample i|-(b) is quit^e 

useful. The student shoi^-d ^develop facility in extracting from a general' , • 
foim of an equation of a line direction nunibers and direction cosines for 
the. line^ 

^3 The ingwrtence 9f Example 5 may not be apparent. It provides what littl^''' 

ioLtfal DMjtivstion there i^ f 03? the n^n^ fora of the^ equation of a line. / 

64 Exercise 7 mi^t well-be discussed briefly even if it is not assigned, 

for it develops a relationship which is useful in relating the equations of 
a lipe in polar fu^ rectangular cooi-dlnates . ^ 



Exercises 2-6 



(a) 




or 


(3,-4) 


(b) 


(4,1) 


or 


(-1^,-1) 


(c) 


(0,6)- 


or 


(0,-.6). 


(d)- 


(-5,0) 


or 


(5,0) 


(e) 


(1,1) 


or 


■(-1,-1) 




(2,2) 


or 


(-2,-2) 


(s) 


(-1-,!) 


or 


(1,-1) 




(.4,4) 


or 


.(4,-4) 











I 

\ 



1 
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(c) 


(0,1) or (0,-1) 




(d) . 


(-1,0) or (l,0) * 




(e> 










i'; 


.(s) 




i-) 


I (h) 







1 



i. (a) a:. 127° 37° i or a = 53° , 11^3° (approximtely) 

(b) a = 76° , P -/or a ^ lQh° - 1^ ( approximately) 

(c) a = ^° , ' P = 0° ; or 'a = 90° , ■ P = l80° 

(d) a = l80° , 3 = 90° ; -or a ^ oP , p = 90 ^ 

(e) a = 1*5° , P = 1^5° or a =-^135° , P = 135° 

(f) a'- 1*5°, P= i*5°; or a =135° , P= 135° 

(g) a « 135° , P = i or g^' H5° , P =135° 

(h) a = 135° , P = 1^5° ; or a ^ hf , p ^'133° 

K i^y "k'h) ' c^) (0,-3) .(-1,^) (-2,1) ^ 

. _ ^ 0 iM^ defined '2 „ • - / ^ 

(^>) (|,- |) , or any eqiilvalent given ^ (|^, - y)^, e 0 . 
,v ct = 53-° , * P ; or a = 127° ,, P .= 37° 

(1,6) , or any e(3^«»alent given by (c,0) , c f O» 
r a=0°,, P^90°; or a = l8o° , p = 90° 

(0,-1) , or W equivalent given "by (0,-c) , ,c j^:-0 . 
^ ' 90° , p = 180° ; or a = 90° , 0-0° 

(_ -i- or any equivalent given "by .(- , c ^ 0 , 

" ' a . 117° , 'P = 27^ ^ or a"= 63° , P = 153° * • 

'J-,—) , or any equivalent . given by (- ^K^^ , c 0 . 

a = 153° , P = 6> J or a = 27° , P = H? 

51 ^ 

^ 55 ' ^ 
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(c) and (d) 




I. 




A pair of direcrfeion mmibeM determined by P and P are 




A pair of direction xr bribers determined by P^ and P^ are 
"since EHj^y 0 and 0 , Ijoth / 

are defined and not eqjml to zero. Thus, ' 

are equivalent pairs of direction numbers for the vertical line*.. 



cos a =i 



cos 3 = 



m 



cos a' ^ 




+ m 



Sq cos a' t= - cos a 
-Hence ci ' = + a + pn 



cos 0*= - COS j5 

^ = +/3+qjt p,q odd integer^ but a, 
and 0 are.^between 0 and so the only solutions are 
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7. (a) 1. In the Flguro 2-13a ^CD«|-p-^aai* SSierefore 



sin » sin (| * ^) but since the slx^ of m angle is 

eqjuAl to the cosine of its (xiQ^e^enrt^ \ 
sin 03 = cos p 

2. In Figil^e 2-13b , o) = p - | + 2im. Therefoife 

'sin o) « *sin (p - |> 

•V 

^iati) = Bin [- (I - 3)1 



sin o) cos (-3) 



0- 



sin CD = cos p 

3. In Figure $-13c, a> + + P = HBo + 2sn »nd o) = ^ ^ ^ ' 



The- result Ls the sanffi as part 1 above. 
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h. In Figure 2-134/ a>-P = |+2«n and a>«*|+P+2Rn, 

CHieref ore sin cu = sin + p) 

. sin 0) = sin I cos p'+ cos I sin p ' 

« • * a * 

Since sin g = ^ " 2'-'^ ° * 

sin 0) ,=? cos p 

(h) 1, If the positive ray lies on the positive half of the x«paxls, 

CD = 2itn and P ^ p 
Since we wish to shov that sin o) - oo^ P ^ ^ substitute 

* V 

and see that 

. sin 2nn = cos ^ = 0 



5? 

9^ 53 
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> 



■ ' ' ' ■ i 

a. If the positive ray lies da the poeiti-re iklf of the y-axLs, 
0) « 5 ^ 2«ii and ^ = 0 and eia § €»b 0 « 1 

3, If the positive ray Ilea on theineeatlre half of the ac-aads, 
t=- n > Srm and B » ^ and ^In ^ « cos 4 »^ 

U, If the positive i«y lies on tte negative half of the y-axls, 

6> = ^ + 2ot ^ $ » h and llfn ^ « cos st = -1 ' 

/ • ■ ■ • . 

• ■ ■ ■ - ' ■ 

8^ (a) (^2,2) .% 



fS -1 

' a = 153* p = 117° 
(D)' (-2,1) 



q " 153° * 0 = 63° 
Cc) (6,5) 



a = 1^°', & = 50° 
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65 It is traditional to talk abput the angle between two lines, but present 

standards of precision' reijuire that we take account of the fact that at least 
four angles are formed when two lines intersect. These angles •can he distin- 
gui^hed in a diagram hy various u^thods, hut €ill of these ®etlK>d6 nsist induce 
a sense along each of the lines* ' 
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67*^ Tte 6ec€»^ soXution Srasgiile C^) is given as a suggesticm to the 
etudszst that once he has recognized tl^ f oxm of HhB equations o£ the lines 
psmnaX to a given line, he x&ay vrlte IssoedlAtely the equation of the noxtesit- 
containing a given pi>lnrb9 ' 

68 SoanetinieB the results of <mr analytic ai^rprpach describe addltlQZ^ 
situations not usually appxtiached In the sai^ vay geometrically. .Ibe 
slti^tlon here furnishes a nice exasiple of this. 

69 Exasqple ^{b) Is also offered to shov the student l»>v he use an 
equation of a given Une In general form to write Is^^dlate}^. an ^juatlon 
of a i^rallel line containing a given point. ^ 

70-71 Since (bji ^-a^^) aad (bg^-ag) are pairs of dlrectlcm nunibeM for the 

lines Lj^ and respectively, we also^ notfe that 



cos 6 



or cos e = \^2 "'^ M^^^ • 

In Eacerclse 12 on page 7U ti^B student Is asked to develop this relationship; 
It has scB^ merit idien the lines forming / 9 are directed lines . In this 
^tse £ 0 i$ the angle forsied by positive tbyb of and vLth 

ea^lnts at the point of intei^ecbion (if any) Of and . Eacerclse 
15 on page 87. also calls for such an interpretation. 

71-72 ExaB5>le 5 is really a lemma to be used in the development of the noimL 
form of an equation, of a line in "^he following section* 

i 

Exercisesj g^7 

* ' 1. (a) d(A^C) =s d(B,C) + d(A,xi) , the definition of betweeni^sci for 
points,. This is equivalent to 

d(A,B) = d(A^C).- d(B,C) , 
\rtiich. isgxlies " »i 

(d(A,B))^ = (d(A,C))^ + (d(B^C))^ - 2d(A,C) d(E^C) ; 
since cos C » cm 0^ = 1 ^ we nay write 

(d(A^B))^ - (d(A,C))^ + (d{B,C))^ 2d(A,C) d(B^C) cos C 
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(T>) &re ^ haro / 

d(A^B) - a(A,e) + d§,C) ^ 7 

• , (d{A,B))2 ^ ^(A,C))^ + (4(B,C))r + 2d(A,C) d(5,C) ; ^ 

since cos C = cos 180** = -1 , ire say write 
(d(A,:B))^ = (d(A,C))^ + Cd(B,C))^ - 2d(A,C) d(B,C) cos C . 

2. (a) Equation (6) states that *, * c 

COS 9 - — 



Substituting Into J^puitlpn (6)^^ 

V2 



COS 6 = 



+ 

COS 0 =5 



Let a "be the ikaLinatlon of • Then tl^- o^asures of the 
angles 6 Ijetween and^ are ^ - a and ^ + a • 

cos 9 Qos (§0^ - a) = cos 90^ c^is a + sin ^ ^in a = sin a 

or . 

cos e = cos (^*^+ ex) = cos ^ cos a -*^in <^ sin a = - sin a 

. sin a 2 

Also we have tan a = ^ = ' >r" » 

cos a 

sin a a cos a , 

' and -bg"^ sin a = cos a = a^ (1 - sin a) . 

2 

2 ^2 
This is equival^t to sin a = 5 p , ^ 

■ J? 

sin a = = cos Q 



2 



60 . 
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0>) . cos e ^ — -1 

e = 0° or 180° , wblch Is tlie case for jsarallel lines, 

1^ and ' are tb6 ea^ lines ^ 
Lj^ and are the s^se llros ^ % * 

ia |>erpendlcAlar to Ii^ and 



(a) 


9 = 




(b) 


e = 




(c) 






(4) 




83° 


(e) 


e = 




(f) 


0 s 


90*' 



d s 0° (lines 'are parallel). 



The 'slope of OP is ^ and the slop* of OQ is . 

Since m__ •» = -1 , "^.LpQ • ^ 
OP ^ 



(a^ 2x - 3y = 0 

(h) 3x + y - 8 = 0 

(c) 3x + 2y - 17 = 0 

(d) X - 3y -» 5 = 0' 

(a) 2x - 5y + 31 = 0 

(b) 2x - 3y + 17 = 0 

(c) l6x - ^ - 13 = 0 ^ 

(d) y = 7 

(e) x^f 

D = (1^,-8) . 

3 possibilities j (l2,2) and (-2,12) are the others, 



k 

The sloi« of 



y + 2 = ^(x - 1) 
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10. (a), AB : 2x + 7y - 17 = 0 



BC : X y - 1 » 0 
, ^ t 3x + - 23 « 



ft 

(«) ' m /C5BA = 151® 

cos = ^ ^7 = ^ 

, , ^ VI + 1 1% + i*9 

®1 " ' ' 

Kie angle desired is the suirples»nt of 9^ or - 29° or ^151* 



COB e^j = ^ — ~~ ° '910 

m /gab = ... 

■' . ' ^ 6 + 56 - 
cos 0^ = — » .997 

(d) Altitude to side m 
7x - ^ + 29 = 0 
"Altitua| to aide K "* . ' 

Altitude to side AC v ' 

8x - 3y + ^ = 0 / 

t 

11. (a) r^' - {(x,y); l)^xra^y-=6} 

. V - ((x,y): bgX - a^y = 0 ) X 

.*. COB e = and .using Eauation (6), 

/ 2 . , 2 / 2 ^ , 2 . * 



S2 



58 ^ 
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■ \ "^COS 8 a COS ♦ ^ ^ 

If is _L to . Lj^ and is X *° , then tbe measiire 

of an angle .^betweeti Lj^ and is eqjjal i^j the measure ofiaa 



axigle 'tspfetween L^^' ^ and I^** • 

12. (a) Lj^ = ((x,y); Xj^x + y^y + = 0) 
- ((x,y); 7^x + M^y + =2 °' 



COS 6 



2 2 2 2 



COS 0 = T^Ag + M^Mg ' 

I* 

(b) If cos e is positive 0 ^^6^ 90 and is the L^ist angle 
f oiitted by li, and • ' 

V ■ . . ■ 

(c) Aastane J_ ^ ^ / ' 

= - ^ any = - ij-^and 



-1 . 



2 < 2 / ^ 

' V2 = "^1^2r° 

Conversely assume T^Tv^ + ^l-^ " ^ 

Tout + l^^2 ^ ° ^ ^ 
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a nd . cos 0=0 

.*. e =*90° and 
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75-78 The uSton al tatm of an equatiih of a line is troubXesdoie to /develop, for 
students have usiially not considered the characterization pf a fline by a 
iK>rsial fi^gn^nt frm the origin. fTberefoM, tte argtEment for "hAt^idng to 
develop It at all must rest upon its applications; it is mrt u all 
extension in the students • eyes. With this In mlted, b^ore heg 




section it mi^ he helpful to challenge the students find tl^ dlsttoce 
between a line and a point ooi on the lide'. '^Once they have been force* to 
the*trouble of findiiig (a) the slope of tl^ perpendicullare; to -^he given line, 
(b) an e^udtion of the perpendicxaar contcd^ng the given point, (c) the 
point of intersection 4f this perpendicular and the given line, and (d) the 
distance betveexj^fce point int ejection and the given point, they may he 
more in a mopd to jairsue a develojment vhich solves tStsi probl^ oore easily, 

76 The x^mventional notation does lead to confusion J-fe is easy Jor 
'the studeiJt to tynfuse the cc^fflcients in the normal form with the direction 
cosines of the lingJLtself. a^jhasis on the« reason for the nasie "nomal < 
f^oxDi" may shorten the period of confusion. Then, too, an oral drtU on the 
following Information to be gleaned frca the nor^ form My iiel^. 

f If X > 0 and p. > 0 , the lli^ extends above the origin froaa upper 

left to lower right; if A < 0 and M- > 0 , above the origin from lower left 
to uppei- rlghtr if* X < 0 and M' < 0 , below the origin from upper left to 
lower right; if A > 0 and |i < 0 , below the origin from lower left to 
ugper right. If X = 0 and 1 , the line is horizonial and above the - 

origin; i^ X = 0 and p. = -1 , horizontal and below the origin; If =: 0 
and V^l , vertical and to the right >of the origin; if p. = 0 and X = -l" , 
vertical' and to the left of the origin. 

% laake s^nse of this ^nformatiorN^ student will ^ have to keep in mind 
that (X^M- ) P^^^ direction cotalnes of the normi seg^nt . 

77 ^The fact^that^ fieuthorities differ in tne case of lines containing the 

* ^^,0^ -s-^ ff, ^ 

origin has a backhanded so^ /bf/fignific^ce. There seems to be little 
reason to recogi^ a difference which''* dees not imke a difference. E.g., • 
i 1.0 1- 0.^ ; there is no numerical difference. 

78 If ^ur students ^re already versed in the parametric representation 
of lines, there is a neater approadh to the problem. 

The line FP^ has the parametric representation 

X ^= -f- At 

y - y^^ +.M.t • 
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with this xeparesentfe^iion |t| is the distance between (i^y) ^ 

^1 ° W^l^ • particular, \f we let F = (xQ^yp) , for sOTe t , F 

ha%> a re^^iCseirtaticm 

•^0 = \ ^ 



Since the ppiJrt F = i^Qt^Q) satisfies the equation Xx + - p = 0 , 
we have ' -i 

' + Xt^) + M-Cy^ + - P' = 0 , 

irfiich is eq]Hlva%ent to \- 

>ac^ + ny^ - P = -i'^^ + V^^) \ = ^ 

With this apprs»ch we do not have to consider the five different cases. 

I J 

79-82 The ajQouirt of classrocHix explication necessary on the polar form will 
depend upon the students* background in ajQaiyti& trigonometry • Some 
familiarity with the additiou formilas il essential. These are develc^d in 
a!SG Ijyteiroediate^ Mathematibs , pages 605-6lO, ajid, of course, ih ajjy standard 
trigonosnetry ^text^ 

79 At this i^int you imy wish to consider that since P - (rr^S + 5t) , tHe 
Mne also has the polar representation ^ - ^ >^ 

-r cos (9 + -* cu)) ^ :p • ^ ^ * 
This opens a question to \i^ich wc shall return in C3iapter 5, ^en wc consider 
related polar 'equations. 

80 Althtwgh the polar 'angle lAich contains the nornsal segment to. L is 
the same set of points as the direction angle a and /o) /a , our 
conventions for measuring t^tese angles are different. The jneaourc of /o) 



xaay be any real mmber^i "wJiile O < a ^ it (or 0 < a ^ lHoP) • Thus^ even if 
we choose an /cp , suc^ that |a}| is miniiml^ we still 6re a6surecir'<>^Iy 
that jcoj = a , or o) = + a . Hoover, since o) =-± a + 23tn for aoy integer 
a, in the'cas^we descril?e^ ve do have cos o) = cos (2nn ± a) ^ cos a • 
The test should read . o) = ± a + 2icn for any integer n • 

81 > Students may not be familiar with the technique of "nornalizing* 

♦ 

•coefficient® in order to rewrite 



a cos 0 + b sin*0 as vfe + b ^t^9 + ct^) 
where ^ 



sin Oj^ - ■ ' ■■ ■ ■ ' anfl cos 



b 



2 



or as cos - ^) , whei^ 



cqs » ' ^ - and sin ^ 



' ^ Va + b Va + b ■ ^ 

Therefore^ you may wish to consider bther examples than i^art (e) \t Ibcaiqjle 5, 

84-^5*'"'^ In assigning exercises you may well wish to consider Exercises 7 through 
9^ which suggest a further application of the, normal form^ and Exercise^ 3_2 
through^lT^ idaich furnish practice in. transforming-^quations f rom .representa- 
tions in one coordinate systea to the other, • " ' 

These last exercises open questions which will be considered in detail 
in Chapters 5 .and 6. In the algebraic nanipulation of polar equations ve 
may frequently do some rather wild things which would get us into, trouble 
in rectangular representations. The fi^edom wt3- exploit stems fr<xn three 
considerations: 

i) the multiplicity of the polar repreaeni^tions of a point, 
ii) related polar equations, (See Chapter 5*) .J 
iii) '"factoring" equations, (See (3mpter 6*,) ^ ^ 
For. example, in Exercise suggest multiplication of both members of the 

equation by r , In rectangular representations such nuiltiplication by a, 
i'actor containing a variablfc is quite likely to add points t<j the graph, but 
here the points (0,0) , which might be added, are already included by the^ 



original ropreGenta^ion as (O, (n + ^) n) , where n is any integer. 



2' 
f 



5RLC 
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only point 



V 
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In Exercise 12 ve first oarteiin " / ^ 

/ = 36 ^ or / - 36 - (r - 6)(r + 6) = 0 . 
Bbw the equatidns obtained' by setting the factors of the left mCTber equal 

to zero, , 

r ^ 6 and r , = -6 , 
are related polar equations (as defined on poge l67 of tfae text), for they 
each^^have the saae grajii as r^ ==-36 • Since each is a siD5)ler represen^^attoa 
of the graph, later on we shall prefer either one to the f irst^eqiiation. 

In Exercise 1? we first obtain ^ 

(r^ + r <in 0)^- r^ 

2 ^ 
If ...we divide 'both menibers by r , we obtain 

' ''■ ■ ' ' (r + Sin 0)^ = 1 , . 

but we have not lost aoy points from tt^ graph • Th^ pole is the 
*we might have lost, and it is still represented by ' r 

" ; ^ (o,(n+|)n) , /; ' 

where n is any integer. Then we may factor to obtain 

(r + sine - l)(r -1- sin 6 + 1) p ; 

the equations 

r ^ 1 - sin e and r = -(l + sin 0) , . 
'Wivtch are^ suggested by the ' factors * of the original equation, are related • 
polar equations. Their graphs aj^ identical to the graph o^ the original ♦ , 
equation, and dither one is a far s^jnpl^ representation,, 

^ ^ 'I 

In summary, miltipli cation or f division or both members of an equation 

/by a factor containing ' the variable aitd i^ing itiQ square roots of both 

members of the equation, are techniques which are fraught with danger and ^ 

seldom desirable in- rectangular rej^^sent§tions. They are nsjre frequently 

accepl^ble and even desirable in pola:^ representatiozis. 

However, we are not suggesting that the teacher shoul^d open these (Questions 
now. Th^y will be considered in Qiaptors ^ aiKi 6. To discuss them now 
would probably only confuse the students. We prefer that the answers to the 
' exercises hqre be left in the oriiEinal' f oitn obtained withqxlt any attempt at ^ 
slJiiplification. leather we inglude this discussion to ftlert «ie teacher to 
the questions laid open and tp prej^e him or her for the questions tjiat may 
arise from curious and inquiring students. 

1 . * ^ 



r>3 



67 



Exercises 2-8 



" (ei) - |jK + |y - 3 ■= 0 
^) .^x + gy 1 0 V 

(c) -^x .-^y --JL= 0 
^ yi3 A3 1^ 

.(d) r5_x + -2-y--i:^= 0 

^35 

(e) " -iy " -2- = b 

^f^B^ ■■^■rf ■ 

-oo ' 



(i 



13 ' 13 13 " 



=; 0 




(]!) |x- 



1^ 7 • 



4x - 3y ^ = 0 




5x + 12y - 65 = 0 



Of coiarse this ip uot -an efficient way to d^aw the grapjj. 0316 
exercise vias^put in to help fandjliarize the students with this form 



of equatiob for a line. 

9 

(a) r Sin B = h 

^(h) r cos 6=^1^. 
(c) 0 =60° , or e = I 
(dj r cos (e - 315°) = 3 ^ 

(a) r cos e. - U ^ 0 

(b) r sin 6 k 0 

(c) 0 'J 90° , or e = I • , 

(d) * r cos e + r sin B + 2 = 0 

(e) 3r cos 0 - gr gin 6+6^0 

j|f) r ct)s 0 + Vs r sin 0 • 2 = 0 
(g) 15r sin 0"- 8r fcoe 0 + 3^ - 0 



(e) /cos. C© - 30CP) » J 



(ft 0 ^ 45° or 0 

r POP (0 - 150°) = 2 
(h)' r COB (0"*+ 135°) = 2 



A- 
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^ 5 .. 



6; 




(a) \£ P, is on L , theij j>Oc^ + ny^^ - p| = 0 . But the distance 
' ' - . • . 

^^tsom. ^2. '^ ^ zero.vdien P^^' on L . 

{b) P ia on the sasie side of L m 0 i is closer thao 0 to 

L . 3^ tW.0 case d(P^,F) = p,- p^^ + Wr{ - p| ' * 

J is on same side of L as 0 ; P^ ♦ and ^ 0 are equidistant 

from L . In this case Lj^ cpntains the origin, , = 0 , and 

d(Pj^^X = p - Pj^ - \^ + My^ - pI • 

w f ' 

(d) -S- 

(e) 0 « 

A point Pq = (xQ,y^) on the Msector if - the distance from P to • Lj^ 



is equal to the distance 



P to L. 



'2 ' 



Then ^rom out- distance f onnula, ve have 

Taking both choice^ for the yields the -evo desired eqjaations: 

2ix + 77y - 130 0 , 



^and 



\ 



8. 



llx - 3y = 0 

7x + 9y - 152 = 0 



and 



9* 




99x - 77y - -"0 



us 



and 



^5 S9, 



£-8 



X - 3 0 

11. r JSCS 0 - r sin 8=0 

13. T ^ k COS e 

^ r - k T qbs 0 



When 6 = 2 , r = 0 • Thus the pole is in the graph of the original 

equation. • One toust mE^k.e this check hedauee 'both sides of the eq;uation 
have h^n* mltlplied by r j r = 0 ^ is then a root of the new ecpiation. 



Ik^ r =4a 



cos '0 



16. 



Mote Jthat the pole is in the graph of the equation • Then r = 2ar cos 0 



2 2 
or X 4- y ^ 2ax 



15* (a) y - ^ X 
(h) y ^ h ^ 0 

(c; Vx + y =5 



2 ' 2 



(b) 



^ - 



(a) 
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(t) SSfcc^hat the pole is in the^raph of the equation # Then 

r = 5r cos 0 3r sin 6 * . 
+ - 5x -5- 3y - 0 h 

(c) - y = 1^ , 

or y = . 

(d) + r sin 0)^ - 



Review Exercises - Section 2-6 through Section 2-8 



direction ntmbers 
(a) (T^-IO-) 

(t) (25,21^) 

(c) (-6,5) 

(d) (7,6) 

(e) (3,-3) 

♦ 

(?) iKf) 

(g) (1,2) 

(h) (-2,1) 



direction cosines direction angles 

( approximt ely ) 



( 



10 



) 



■/l2^ V1201 



l_ 2_. 
-2 'l_ 



( 



) 



a - 55° , 3 = l^f 



a ^ Ul° , p =^ hf 
a ^ n5° , 0 = 135* 
a = 60° , p - 30° 

a.= 63° , p'--^ 27° 



a 



= 153 , P = 63 




S, The points are colUnear If tvo line segn^nts determined "by the points 
have the seme slope« 



UY 13-1 12 _ h 

11-I-it) " 15 ~ 5 



(c) 



1 3 -P - A - ii 

n - 1 " 10 5 
'2-7 -9 3 

1 - 6 ^ ^ 

17 - (-1) _ 18 ^ 3 
23 - (-1) ~ 2!?' i 



points are colllnear 



2 
1 



points are not colllnear 



17 - (- 

23 



Ijolnts are colllnear 



(d) 



> 3. 
1*. 



6. 



-U .- 8 
0 - (-3) 



■12 

3 



= - U 



-V- (-11) 
0-5 -5 

d(A,B) = ^'Jil 
AB : - 5y + 17 = 0 
AC : 2x + 7y - 1 = 0 
BC : 3x + y - 11 = 0 



length of altl tilde frcsn A : — ^ 



points are oat colllnear 



d(A,C) = V53 



d{B,C) = 2Vio 



length of altitude frm B : 
length of altitude frcm C : 
area (MBC) = 19 



[38 



(c) x(2/io + 3v53)-+ y(7VTo + ^) - (Vio + 11^) = 0 
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(a) 


d(A,I^) 




d(A,I^) 






(b) 


d(B,I^) 


= -1- 


d(B,I^) 








d(C,I^ 




d(C,I^) 


5 





15 

10 



9. (a) x(lO - + y(-i5 - + (30 ■»■ I2^i3) = o 

x(lO + 3*^) + y(-l5 + + (30 - I2i/l3) =0 ^ 

(b) x(2V^- 1/13) + y(-3^ + 2V13) + (61/5 - i^t^)"= 0 

(c) x(3i^ - 5) + y(i^V5 + 10) + (-I2v5 - 20) = 0 
x(3i^ + 5) + y(^^ - 10) + (-12^5 + 20) = 0 ' 

10. (a) ^ . (13) # ■ (c) - 

^' Vl7' 17^ B^ 17' ,17^ 

)0 
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13. inay be written 3x + 5 - 19 =^ 0 

may be written 5^ - 3y + 7 = 0 

If a^a^ + b^b^ = 0 the lines are perpendicular 

Substituting (3)(5) + (5)(-3) - 0 

and ^ ^2 * 

-/ • 

Ih. Find the angles between and L^,*, vhere contains the points 

(3i^) i (-1,-1) : and contains ti»e points , (3,0) • 

Solution . Since no sense Is liBixjsed on and ve vlll find their 

angles of Intersection. 

We laay take as direction numbers for , (^/)) ana for , (-7,6) - 



(Wby?) %ierrfore: 

• • 

p s 88° 

We may, most simply,- find the qther angle of intersection as the supple- 
ment of G , but it instructive to use equivalent direction numbers 
for ^ich have the effect of reversing the sense Induced by^ll^e 

first choice. We use now {-H,^3) p and (-7,6) as pairs of direction 
nuBi^ers and get _ ' ^ ^ 

cos = i • -l-m-i) r r^He) • , . ,031. 

i ■ ■ ■ ■ . ■ \ 

Vhich Is^ as ve expected ^ supplementary to 6 • 



0 ~ 130° 



B . (-2,7) C (6,9) 

Y - 3 



AB ^ 



9 -^7 2 i 
9 - h 



Since m^i^c' (" f)^!) — 1 

AB _L Ae and AABC is a rigiit triangle 
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17. (a) — 2-x + -^-y — ^ » 0 J 



29" ■ jp 



(0) |x - fy^fi = 0. 

(d) -2-2 - -^y = 0 

(e) X . ^= 0 

^J^(a) r cos (e - 60) ^ 1 

(b) r cos 0 ==.-U 

(c) & = Ikf ' . 

19. (a) 1^ X + y = -5 

(b) 3y - = 12 • 

'20. (a)' r (8 cos 0 + 7 sin 9) = 56 

(b) r (15 sin & - 8 £4)s 0) = - 180 



Challenge Exercises 



^ a 3 

!• 3x - + c » 0 or ax + "by + c ^ 0 , vith ^ = "pj; • 



2^^^^+ 3y+c = 0 or ax + l)y+c==0, 'with ;r = :r • 

3* ax + hy ~ 0 

li. y » 3 ^ m(x - 2) 

y ^ i(x - 1^) • (Fixing the value of m reduces the family to one member.; 

* r 

6, y = -3x +1? (a pencil of lines.) ^ ^ • 

7. Let : ax + hy + c = 0 ^and : mx ^- ny + p - 0 be two .interGectfng 
lines. The equations of the lines of the angle bisectors are then 

'(^77 'v^y '(#T7 ■ vpT?) 'v^^j 

' yF7^ J^'j 
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ISielr slopes axe * ' + ^ -m/a^ + - + 

The product of the slopes is "g^^Ca^-^t?^) a^(a^4-n^) ^ -pV^-a^p^ ^ 



b (m + n ) - n (a b ) mT) - a n 
Hence, the lines of the bisisctors are perpeixdlcnaar. 

8. L ^ {(x,y): . ax + by + c = f{x,y) 0} and * ^ 



\ = {(x^y): ax£ + by^ + c = ^(Xj^jyj^) ^ 0) . 

The direction mmibers of eedh lixjae are (a^b) . Iherefore the lines 
are paraJJLel. ^ 

9. Given MBC vlth veriJices A(0,0) / B(l,0) and C(a,b) • f 
To prove that the altitudes are congruent at a ^±txt H and find tlbe 
coordinates of H • 



C(o,b) , the slope of AB is 0 



— b 

the slope of AC is 

the sldpe of BC is ■ ^ . 

a ^ i 
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A(0,0) B{!,0} 



a - 1 

* The slope of the altitude frcaa A is - 

a 

The slope of the altitude from • B is - i^ 

a - 1 

The altitude from A is represented by y = — x . 

The altitude fro|i B is represented by y = - ^(x - l) 

la 

If the" altitudes ajie concurrent^ - — ^ — x = - — (x - l) 

and X and y ^ ^) 

the equation of the altitude frcm C is x =^ a, and the pbint of 
intersection of the other two altitudes is clearly on this line. 

^6 72 



/ . 



10, ^^y|«t of IaB = 5^)o ) 



Ihe ki^ipoin* Of M ^ (§ f g) 

OJhe afidian frosi A is represeDted by 

' y = + l)x 



The median froa B is represented, by 



« 

OSiese two i&edians intersect at the point 

,a + 1 h, 



(■ 



3 '3^ 



The median from C is represented by 

t 



(x-|) 



and the point contained in this line". 

Therefore the^dians are concurrent at (- t ^ t\) 



11, The bisector of /A is given by 

• , bx - ay 

y = - 

** Va 4 b 

bx 



and solving for y , 



a) 



b 4 a 



The bisector of /B is given ^y 

h- -| bx - (1 - a)y solving for y , 



y = 



b(l - x) 



+ (1 - a)^ - a + 1 
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Equating (l) and (2) 



vC^Tb^ + a Jb^ + {1 - tt>^ + 1 - 
Solving for x we get. 



X = 



r2 2 

✓a + b + a 



Jb^ + (1 - a)^ + 1 + + 
aibstituting x iirto equation > 'ii ' 



+ (1 - a)^ + 1 + JeFT^ 

s 

So the point of intellection is 



Va + b + a • 




H\- & f + 1 + JsFT^ ' ih^ + (1 - a)^ + 1 + Ja+^ 



C(Q,b) 




A (0,0) E 

Midpoint of AC,:-- (J, |) D 

Midpoint of BC - C I > |) ^ 

Midpoint of AB = (i ^ 0);= E 

Slope of ^ AB 0 , 

• — b 
Slop^ of AC - 

■ f 

diope of iBC 



a - 1' 



1 
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Equations of perj^nd^xsular bisector through D = 



2 



h 2b 2 

Equation of perpendicular 'bisector throigh E = 

.1 

Equation of perpendicular tjisector throu^ F ~ 



(2) 



y 



^■^x + 4^ + ^ J (3) 



If X ^ -I i>s substituted into equation (l) and (3) the values of y 
same 



(I ^ - ^ + ^\ ' t 



.are ^e same,, ISierefore the perpendicular bisectors are concurrent at 



a - a b 



_ .22 

"b 3 3a - 3a - h 

Kie s],ope of HG = ■ =• f 

a - 



-2 2^,2 
a - a a + b - a p ^ 

2l> 3a - 3a - b'* 

The slope of HE . ^^i^ ^ )^ . 

f ■ 

Therefore, the points are collinear. An equation of the line Is 
(3a^ -f 1)^ ^ 3a)x 4 (Pab - b)y + a - a*^ - ab^ .^0 . 




Illustrative Test Xteias ^ Sectlcms 2^6 throu^ 2-8 

Find a pair of d£rectlo|i amSeTs for the Uxie FQ • 

• 

(a) P = <2,3) , .Q- (1^,5) . , ' 

(b) P= , Q= (7,M . jr'^ 
•<c) P = (-2;?) , Q = (lf,3) . 

(d) P = (-2,-3) , m = ,-1 . 

(e) P = (-1,7) , a = 150° 

(f ) x-lnte3rcept k } y-lnfeercept 3 * 

Find a psdr of direction cosines for llne^ \ 

(a) La. {(x,y): x - y + 2 0}' . 

(b) containing (3,5) and. (^,7) • 

(c) vlth slope •-1^ • ^ " J 

(d) with inclination a = 30^ . 

(e) parallel to the x-axLs • 

(f ) perpendicular to the x-axis • 



Find direction angles feet 

.> ■ ■ 

(a) *^bhe line contalMng ^ (-1^-3) and (-^3^-1) • 



(b) the ray emanating from the orierin and ojntainlng the point (6,-6^3) 

(c) the line with equation v5x + y- 7e=0. 

(d) the normal segment to"* L = {(x^y): x + T^y+7 = 0}« 

^Which^ if any, of the lines with the glvien equations are parallel? 
perpendicular? the ^ame line? 

2 2 1 

L^: y - 1 = J (x + 2) h^: y = 3 ^ - 3 

X + 2 _ y - 

1 + 2 ~ 3 - 1 



_'x^y ,, _ x + 2y-l 



L^: 3x + 2y + 3 - 0 

Find the cosine of tbe least angle between the pairs of lines with the 
indicated equations, , 

(a) X + 3y - 1 - 0 ; • 2x + 3y - 7 0 

(b) 2x + i|y - 5 -» 0 ; 3x + ^iy - 1 - 0 . 

(c) X - y + L3 0 ; « 5x + ^'^h- 12 0 , 



7r. 



SO 



6. Iiet I. = ((x,y): 1« - 7y + 13 = 0) . Write an eqjiation in gei^ral 
f oim of a line 

(a) parallel to L and containing the point (3,2) . 
(Ij) perp^fldiculaf to L and containing the origin. 

(c) parallel to L and witti x-intercept k , 

(d) perpendicular to L and cotttainii?g the point (3,2) . 

7. Find an equation ofj^he perpendicular bisector of AB , vAere 
A = (1,-3) , B =. ^1)^ - ] ■ 

8. Let A = (1,1) , B = (8,3) , and C - t5,8) . Find the ar^ of 
triangle ABC • 

9. A line makes an angle vtoose cosine is #V5 with 

L = (Cx,y): 2x + y - J, = 0) . What is the slope of 7 Find 
an equation of if it contains the ptilnt (-U,2) . 



10. Find the normal foim of 


each of the following equations. 


(a) 


3x - l*y + 15 = 0 




(h) 


X - 2 y + 1 
5-2 2 + 1 




(c) 


y - 7 = ^ (x + ^) 




(d) 


^ + 1 

5 12 




(e) 


V - '-^ X - 2 




(f) 


x + 3 J y - ^. 
21 + 3 1^ - ^ 


1 


(g) 


7x - 2y =^ 0 






7 - 3y = 0 


* 



11. Find the distance between P -and L : 

(a) P=(5,10); L=C(x,y): 3x^ - % + 10 = 0} . 

(b) P:^(5,-i); L={(x,y): 12X - 5y + 26 - 0)- • 

(c) P - (6,^4.) ; L -- ((x,y): x + 2y - - 0] . 

(d) p - (7,-3) • L = {U,y)j 2x - 3y + 5 = 0} . 
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12. Pljid equations of th# lines ^bisecting the angles forsied by 

(a) Lj^ = {(x,y); 3x ^ ky + ^ =_o3 ana L = {{x,y); 5x -'l^ + 26 = Oj 

(b) L. = {(x,y)? X.+ y*. 1 = (J) and L {(x,y): 8x - 15y + 3^* = 0) . 
♦ . » ^ 

■ A ■ ■ ' 

13 • Write. In polar fonn the ecjiiations of t^ following lines: * 

, /" 

(a) parallel to the polar axis and 2 units above it. 
,(b5 '^ perpendicular to the polar and 3 units, t^ihe right of the 
pole. . ' ' ^ ' ■ ' ^ 

(c) containing the point (-2,^) eiid having inclination .-^ . ..^ 

(d) "through the pole wl;^felope ^ . 

^l^. Trailsform each of the following equations into polar coordinates. / 

(a) 3x - ^+ 5 = 0 

(b) 7x + 8y -'56 ^ 0 



/ 



* ' (d) y ^ + kx +^ • " K 

« - \ ■ ,. 

15- TranBform each of the following equations into rectangular coordinates. 

(a) r Npos 0 = ^ ■ . . ^ 

(b) 2r cos e + 5r sin 0=6 . * 

(c) r =^3 sin 6 . * 

(d) r COS. (e ^:|) ^ i+ , - 

^ Ib.^ r^et the vertices of the triangle ABC he A r. (-)|,2) ;B - (6^6) 

C.^ (i4,4) . 

(a) Find the lengthd of ^ the sides • 

(b) Find the e<iuatioii^ of the lines containing the sides. 

(c) Find an equation of the perp||||dicular bisector of side AC . 

^ (d) Find an equation of the line containing the al^tude to side AC J 

^ (e) Find the IvBngth of the altitude to side AC . 

^ (f) Find^ equation of the line containing the median to side -AC • 

(g) Find the length of the median to side AC • 

{h) Pind\h'c area of the triangle, 

o (i) Find the centrold of triangle ABC (intersection of -Ule medians), 

(j) Find an equation of the line containing the i>lBeetor ^/ A . 

78' . 
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1. 



A33swers 

(a) (2,2) , or equiva3,ent pair . 
(h) (6,8) , or equivalent pair 
(c) {6f-M4 f or equivalent pair 

<a) (^A), or . 




or 



(d) (1,-1) , or equivalent pair. 

(e) (-v5,i) , or eaia.yalent pair 

(f) (*'^,3-) , oi- equivalejft pair. 

(d) (f ,-|) , or'(-4'-|^* 

, (e) (1,0) ; or (-1,0).- - , 



.'(c)- (|.-^-) , or (- i,f) • Cf) (0,1)., or (0,-l). 



2 ' .2 



2f. (a) $t =135° , ; or . 1+5° ^ P 135 • 



(b) a 60° , p. - 150° . 



(c) a -^-120® , P ^ 3a° ; or a ^ 6o° V P - 150^. • * 
Cd) ' a - 120°*, p - 150° . / . 



and 



are the same. 



ji;^^ , , and a»e i>arai;Lei , 

L and are parallel 

2 3 . « . * ^ 

, * and "l^ aorc perpendicular to and 




11 



;(-b) 



VT30 

(a)' Yy <■' ' 0 ^ 

* (b) "^Ix + % J 0 

(c) Hx - Yy - 16.- 0 

(d) Tx + hy - 29' V 0"^ 



,11 



10, (a) 



if 



3 = 0 



(c) :iL>+'-2_y . Ji2_.o 



J. X + II y - ^ = 0 

25 25 



# % 

(g) X y = 0 

(h>y -1= 0 • > ' - \^ 

' (^)r 7 . - .' 

(d) . 

12. (a), llix + % - 65 = 0 and . eifx - ^12y + 195 = 0 

(b) x(l7 + y(l7 + l^V?) : (17 ■+ 34^2) ^ 0 • and 

x(l7 + 8v^) + :^{17 - 15V2) - (.17* - -hhm 6 

13. (a) r COB (0 - I) . 2 

(b) r cos 9 = 3 ) 
^ • (c) r cos (e - -J) 2 

' (d) 0 ^- f 

(a) Si' cos e - 2r sin 6 + 5 - 0 
fb) 7r COB 0 + 8r ein^ -^6^0 

(c) = 25 ' / . 




« 



Cd) r^n 0 = cos ^ & + lir cOb 9 + h (r coe, 0 + 2)^^ 
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15. (a) X = 1* , . 

(b) 2x + 5y = 6 

. (c) + = 3y 
(d) y = ^f 

16. (a) d(A,B) = 2^ ; d(B,C) = -sViS j d(A,C) = 10 . 
* (Ij) S: 2x-5y.+ l8=0 I 

BC: 5x - y L 2iv = 0 • ' 
AC s 3x + + =. 0 * 



7 



M 



<c) - 3y - 3 = 0 

(d) i^x - 3y - ^ =, 0 * 

(e) I 9.2 

(f ) . 7x - 6y - 6 - 0 

(g) 1^ ... 

(h) 1*6 t% ^ ' 

(i) (2,J> . ' ■ * , 

(j) . x(3v^ - io) + y(i*i^ + 25) + (^v^ - 9p) - 0 



\ < 



ERIC 



81 85 



3-1 



Chapter 3 

VECTCSS AND IHKIR APHjICATION 
. . • • • 

3-1. ffliy Study "Vectors" ? . 
91. ' In the opening paragraphs reference is made to the increasing iii?)Ortance 
.of rectors and vector methods in the fieldTjof applied mathematic|, science, 
and engineering. You need only pick up any text in these suhjects to be 
assuredsof the accuracy pf this statement. Jtost recent books in iiaiculus 
(e.g.. Calculus and Analytic Geometry by G.B. Thomas) make considerable use of 
vector methods. You 'may like to read Analytic Geometry : A Vector i^yroach by 
■ Charles Wexler for -an extensive treatment of this subject.. 
* ^ It is quite likely that most of your students will go on to study^calcu- 
lus and more advanced mathematics, mlt students in science and engineering 
ai^ now encouragfed to take courses in vector analysis and linear algebra. The 
latter course starts with vector algebrar and uses it to approach the subject 
of matrices. In this context, a vector is eS^ow or column of a matrix. Our 
. approach is froip the geometric point of view (Ab is. vector analysis) but the 
tvro are clearly closely related. 

'The beginnings of this subject can be found in the writings of ;\j-l^totle, 
and^later in the works of Galileo (l564-l61|P, Italian). However, serious 
' - study of the subject began with William Rowan Hamilton (1805-I865, Irish) and 
— Herman. Grassmann (l809-l877, German), 'fhcir work was dependent upon the 
t earlier development of analytic geometri'. Hamilton was Inspired by problems . 

arising from Nevt6nian physlps and astrononiy. 5n solving problems related to 
the moti^on of particles, Hamilton needed a non-commutative algebra. The ^ 

quaternion A a + a^i + a^l + a_^k (where i^ - f - k^ ^ IJK - -1 and - 
"^^ the a'p, arc real), provided the answer since, for , example, i - j = -J - i ♦ 
\ The quaternion led to the vector 'and, in the cross-product ofj.eqtors,. 
-A -B X A . (See this Commentary on Dectlon 3-Y)- 

Grassmann approached the subject of vectors from th^ algebraic point of 
view. i!e was •seeking an alg^raic ftiefhod of extending g.^metry from three 
into n dimensions. A vector in t^ ^mensions is defined as an ord^ed 
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pair of real nuinbers and in three dimensions as. an ordered triple of real 
nuBibers. In n diaiensions, a vector is an ordered n-tuple of real numbers. 
This is the approach used tdday in the study of vector spaces in n»dem 
algebra. 

If your students have alrea^ studied vectors in SBg "Geometry with 
Cpordinates", '^Intennediate Mathematics", or "Ma^ix Algebra", a large part 
of the material in this chapter vill serve as a r*viev. Some time should be 
spent, however, in an^yzing the different approaches to the subject. In this 
way the students vii€ review the topic from another point 'of view. Some of 
the subject matter and 'many of the problems are new to all. 



3-2. Directed Li ne S^ments and Vectors . ' " 

For more information r^arding directed line segments, you should read 

the sma "Intermediate Math^tics", p, 629-^63^. ^ 

* 

Probably the most distinctive part of our approach to the study of vec- 
tors lies in our definition of a vector. Since tl\eTf^ is rto way to distingulsfi 
any directed line segment from another with the same magnitude and sense of 
direction, it is therefore reasonable to definfe a vector as an infinite set 
of equivalent directed line segments. Any member of the set can be used to 
represent this vector. The origin-vector (a new term created her^)vJLs very 
often used to represent the set because of its conveHence in geometric 
proofs and in the study of vector components. 

Ualess specific geometric conditions' obtain, our approach to the subject 

also givfts jis the freedom to use free vectors or bound vectors as we choose. 

The "Origin Principle^' on page 93 and the "Origin-Vector Principle"^n page 

96 are carefully and explicitly stated to ma^e this point clear. ' 
• • * . * 

The question of equaTtV or inequality of vectors refers only to sets. 
When we soy "two vectors arejtqual" we are c^ly talking about the 6ame in- 
finite set of directed line segments. Thus "equality" really means "identity", 
The use of th^ term in this sense is consistent 'with its use In all other V^KjG 
texts. For example in earlier texts, if AB t= CD , t^hen AB and CD arc- 
identically the saiae segment, with A r-^C and B =r d\ 

However, in applications of vectors, it is convenient, to use the term 
vector, as we state in the text, to mean a olngle member of the set. We con- 
sider it proper to do this when there is no danger of ambii^uity. The ntudents 
will then be on more fo^niliar ground when they meet vectors other cournef^. 
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96 The discusaion surrounding the origin-vector principle is of greatest 
importance. You will have many occasions to refer to it In the succeeding 
secittona, particularly in Chapter k, where aany proofs of geometric theorems 



are discussed. 



ExSrcises 3-8 



1. 



\ 



(3,2),^ 



FE and JT ; IJC and UT ; QB , OP and Mi , ^. and TV* 
Each set is a representation of the Same vector. 



3. 



1^. 




DC 


and 


AB 


CD 


and 


BA 


AD 


and 


BC 


DA 


and 


CB 




»t 





(a) £ ^ m 



i 
1i 



d 

IT 
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(ajnd others) 

(b) a - -r 
7 - -c" 

• g" : - rT 
^ h -T 

(arid others) 
0 / ■ 

5W 



3-3 
5. 





• 











6. Mellon of a car, winds, weight, momentum, angular momentum, electi-icai 
arid magnetic fields, etc. ^^"^^T*^ 

5**3. Sum and "Difference of Vectors > Scalar ^tottplicatior^ , 

97 ^ The definition presented on this page Is concerned only with the sum of 
two nbn-zero vectors not lying in the same line. , 

If A and B' lie in thej^ame J-^p and have the same* sense of direction, 
then A -^ B is a vector in th^^e line with the same sense of direction and 
wit^mognltude |a] + |b| . If A and have different senses of direction ' 
and, let us say, |a| > |b| , then A + B will have the direction of A and 
magnitude jAj - )b| . ^ 

98 ^ By port (2) of the definition of the sum of two vectors, + "p is a 
vector with magnitude twice the raagnijbude4if^"p # Similarly* (P + P) + F is - 
a vector with magnitude 3 tlm* the magnltoSe of p" . Thus the definition 

of rP generalizes naturally from what we think 2P and -BP should*^ he 
^(neither being defined at^ this point^-. * * • ' 

99 An emphasis on sui)traetion of v^eiors def^^^ in terms of addition Should 
be made* This should be^done not only f'or purely algebraic reasons, but also -^ 
to siii^jllfy finding thc^ difference of two vectors in a vector diagram/ 
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Exercises 3*3* 



(a) C 

(b) C 



(c)' E (requires assumptions that vector addition Is associative ana 

that diagonals of a parallelogram bisect each other) 
(a) 2 (requires second assumption in. part c) 



(e) 
(a) 



(c) 



e = -a 






.A ^ 

d = -b 






e a + b 






(i) 


"a - 


a 


(li) e= 


a} + 




(ill) t = 


f - 


c 


Uv) t = 


-c 


- d" 


(1) 0 






(ii) "0 
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a = c 

It can aldo be seen that -a ^ = "b 



b = c - a 



5. 1(a) I 




le) I 



% 

» ♦ 



From the diagram above a b and c = d 
also b "M- d = t and a + c = t 

a + c = b + d 



• 0 



7. |ltA| = 12 _ * . 

- |5a! = -15 ■ . ^ 

8. Since a = b , a and b are representatives of tlie eame infinite set 
of equivalent directed line segmenl^s. Thus^ 

' -\tl ^ \h\ and a| |"b ^ ' 

Now ra||a and ra is r times as large as ^a * Also rbjjb and 
is %- times as large aig b • Thus ^ 

|ra| ^♦Irb] and' rajlrb" 

• ra = 1^ • 

9- jkb| is equal to^ the magnitude of a . 

* ^ * ' . 
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(and others) 



-0 



^ (4,6) 



(U2) 



.J 1 i L. 



One example: ^^ne could follow the path*' from 
^rom S to "5 . 

(a) not necea^SLTily 

(b) yes 



89 



92 



[a| is- length of a 
[b| is length of ^ * 
|a + b| is lengtii of a + b , • . . 

Since c is equivalent to a , then |c| = |aj , ° 

Since the sum of the lengths of tvo- sides of a ti'iangle is greater than 
or equal -that of the third, we have ' ■ 

' . I cl + |b I > I a + ^1 . 
. * . !a"i + lb"! > I'a + b I .* 




|Bl = 2' 



C is the resultant 
|c| ^ l-j , representing approxi- 
mately 3^' miles in the 

a. 

\ 

d i r ee t ion i nd 1 r at ed ♦ 



» , ' - ,? 
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^'^'^\15^. Let the speed and direction of th^ 
^e^rrent bq represented "by C ^alpng 
the y-axis. Let* the actisai speed 
and direxiti^on of the boat repre- ^ 
sented by*^. Jfe rant to find thQ 
vector B l*epresenting the boat' s ** 
motion ^ still water, which ^en added 
to C represents the combiiidd 
feet of current and engine on the 
* boat* R = c' + 'b. ^ Jt- represents '^ 
, ' 6 m. p. he at /ROB. 




16. 



/. 




IT. A and B are distinct vectors • t 

Let A have coordinates (a,b),'B coordinates (c,d) 

Th^ terminal point at (-c,-d) 

aij^ ^ has its terminal point at (-a,-^ . 

Thus "a -'b has its terminal poidt -at.^ (a^- c,b - d) 

and "b has its terminal point at (c - a b).- 



Gas^ one ; h ^ d 

Then slope of line IS is given by 



a 



and siope of line CX: is given ^Jy 7„ 
Therefore the >ines are'parall^ 



d) - 0 
c) - 0 
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• Case two: b d. ^ 

Then line SST has no slope defined, 1^ it is i^^LUel to the line 

X « 0, vMch is the line OC. "^"^ 
!I!he proof that B - A lies on a line parallel to tJie line through A 
and B is sindlar. 

n:f b d then m( IS ) « T^Tg ^ 

(d - b) - 6 d - b 



and m{ ^ ) = |- 



a) * 0 c - a • 
. So the lines are psirallel > , 

If b = d, then ^ is parallel to the line x = 0 ^Aicji ^s OD, 
Alternatively, ve need- not ^use coordinates: 

" * Let D = -B and E =^ -A . A - B is 

the vector determine by the vector 
opposiUe 0 in the parallelogram ^ , 
fonaed with VA and OD as sides. 
Hence F :s "a ^ "f. But d(F,A) = d(D,0)' 
arfd d(D,0) = d(0,B) . So 
d(F,A) = d(0;©) . Because OD OB . 
and FA j | OD, we see that. 
• / FAQ = ^BQA. With d(0,A) ^'SCA^O) 
we now^now tiiat A FAO = A BOA, 
We get dC^'^) =^^d(a,B) ' i^ich.1?ells us that OFAB is a- parallelogram 
since we already have d(F,A) - d(0,B) . So F A - B lies on a li'ne ' 




V 



parallel to 

/ * ■ • • • " 

l8. Given that a , b , c ^ and d , are consecutive vector sides of a 

quadrilateral. We wish to prove that the figure is a parallelogrem if 
and only if b + d"^ 0 ; We must show thaj;: 

^ ^ ^ / ' ' * 

(1) if, b 4- d = 0 , then the quadrilatercil is a parallelogram and that 

(2) if the quac^ilateral is a parallelogram, then b + 0 ^ 
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^oof: 

(1) Assume , b + d ^ 0 

^ ■ b., -a ,• 

* b and .d are parallel, have the same magnltudV and are 

opposite sides. » 
• • Quadrilateral is .a parall elograjn, 

(2) Assume the quadrilateral is a parallelogram,^ Then the opposite 
sides must^ be equal and parallel; i.e.*, b - --d , 

b + d' = ID • 

.91 



95 



-v. 



« . 




^ ft . 



e diagranr above* showp labeling which leads to a simple proof - 
ft 

To prove: The* sum of six vectors dravn froiq the center of a regular 
hexagon to its vertices is zera* . ' 

* a (-a) + b + {^) + c*+-^-c^ ^^'"^ 



H 




(1) he\ AB = a^BC=b., CD ^^PAnrp".^ ^ 

(2) NoteXfhat for triangle ABD we have 

AB + BO - OA 
• \AB+^ + OA='o 

(3) Tiaen if we divide our polygon into triangles as shown, ve have: 

(AB + BO 4- OA) + (BC -+ CO + OB) + + AO = o'^f 



AO =^ -OA ^ BD -UB , etc- 



J|ut ^ 

/. (U) a+TD^+c + ^.^^p-O^or AB+BC4-,..PA="0. 



Propertlea of. Veqtor Operatl 



4- 



ibH ^ Ti^ piwpoSe of this lection 4s 'to dmelap sdm alg©l)raic structure for 
tbe OEperotlcmB of vector adaitlm and sAlet mltipUca-Ufon* ^ ^ » 

PerhfiEps the best «ay of ^lowing^the assoc^tive property hy seaas of ^ 
• Figure 3-9 i^ to 'ecmsider^ ^e qiia'ajrilmteral idiose verti.ce8 are tbe terminal^ 
points ^ Q , P Q J 5 + B - and (P + Q) + R . It is a parallelograaf aince^^ 
each 6f pair of <^ipol3ite sides 1^ parallel to B and has. l@:igth eijoeJir to 
,th^ length of R. Similarly Hie terainal points of ' H , P + Q ^ "^^-i- R-^ 
and t9 (Q -I- R) are vertices of. a parallelc^ram (qppoaitej sides equal, i* 
^ length and parallel to P). Tkv^ tbs two' parallelc^rrais are identic and"^ 
the^ fourth verti^ces must polncide. ' ' • 



105' - A ^cer proof d^^s on the one-to-one eorrespoid^e hettneai poiifbs in 
the plane and ordered pairs of real numbers. It appearfiK i<l solution in 
Exercise 17, Section. 3-6.^ ' *^ . * ; 

IHBOREM 3>lf , The vectors (rs)? and r(sp) hoth have ^ermlW point' 3^ 
such that d(0,X) » t6 d(0,P) . 




. * Exercises 3^k ' ' , 

• ' # * 

i. (a) Sl^ that: " . b" + (A » A * y , 

then f + (-f.f t) = f- _ • ^ . V 

(b + {-B5) + A = A ^ ' 

and . X,X. _i , \ - ;,; 

Sinoe this last statement is true, the steps can he reversed to 

preve thalv ^ + ( A - B) « a' I ' " ^ "'^ ^ 

(b). 1/ (A >B) + B = A , . - ^ ; - 

then A + ({-f),+ bJ = A / * ' " ' 

and ^ A' " A" . » (See r«M£rk in part' ia)j 



-^7 




Let 0 te 1*e origin and polnta P, Q , R determine vectors fP • Q and B# 

A ■ be the vWtex qpp"bBite 0 in liie parallelograa determined ^^y . f * 
R and Q , i.e., A = P + Q . ^ \ ' * ^ i 

Let B be the vertex p^osite 0 in 'the parallelogram detemiined by 

and tt j i.e., ^ =s 5"+ It . . \ ' * 

Let T* « A + "R and T = P + B ■ '' f - " • ' 

= (p + q)^+r •xtp'+Cq+r) 

We, wish to pnove ,T = SI*'. It is enough tQ show that T and T' coinci'de. 

^ using Exerciser 3-3", Problem 1? , || ^ aijd * 

d(A,T) = d(0,B) = d(Q,B) . _ '<•_...,'" 

Thus M!BQ is -a parallelc«ram so B5: ) | QA , and d{B,T) ■= d(B,T) , 

By construction -of ^ A , ^ | | ^ and d{OP) = d(QA) . 

Bjy constructiKJn of T', SF '| | anal «d(B,T«) = d(o',P) . ^ ' 

a3ierefor^'>^ |j If and d(B^T) «= d(B,T»). " . * *^ 

So we must lave W =* HI^' . ' ' , /r^ 

Whence TVT' and "t = f ' . Q.E.D. 
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^ then - . • . (-r)P.= r [(-!)( P)] ° , 

^ * (-r)? (r)(-l)(P) f 

' * ' and ,' • (-r)P - j(-r)P . , 

. / , Since this, last steteHrent is true, the steps can br Reversed to prove 
S ; that (-r)P = r(-p) / , , 

^-5^ C?harBCteri2;iatlt>n of the Point on a Line ^ ^ ^ 

'109 jl ^ In* the proof of the distributive lavs (Theqfaa 3-6), vfr irf t tvo items 
as unfinished business. Th? first vas the proof in the case i*iere P and Q 
are collinear and have opposite -senses of direction. ^ ^ 

In this case, assume jp| > jo] ISien: . 




(1) "By the samfe definition ve Jlsed earlier, P + Q has r the' same direc- 

tion as P* and has nmgnitude |pj - |q] . " ' ' 

(2) If r > 0 , then ' r{P + Q) has the same direction as (P + q)\, ^ 
and, by (l) ^jibove, the same direction as" P . The inagiAtude of 

'r(P + Q) ==^ |r(P 4- Q) I = rjp" + q] and is, by (l) above, equ%l to 
tThe distributive lav gives* th^ ma^nltude^as. 

• • • 

(3) Ite nov ccmslder rP and' rQ , vfaich, si^ce r > 0 , have th6 same 
directions respectively as P and Q . By our hypothec!*, P and 
"q have opposittj^ senses of directions, and l^ierefore so do rP,,^arJd 
rQ . Since ve have as^um^ |ff > |Q| , we have -p|pl.>r[tl , 

, aifid, . therefore |rP| > jrQ] . 



.ih) . Our^efioition f6r the ^um 'of Veitors now requirea that rP + 

^ havfe the sai^ direction as jrP . euad Jibla^'^.s the saa» direction* as 
P ; The sawi definlttott requires that *the m^galtvde 6f rl^+ . 

ViVLt XJtilB latter eipresslon cad be vri,tten as 
r(|Pf -iQl) ... * 

• « ■ • * 

(5) Since vc bsve shovn that the vectors r(P + q) cmd r? +^rQ have 
j _ the BBXHB magoitute and the saz^ sense of direction, ve have stovn 
that they are equal* * / ^ . ^ 

The Becond item did not discuss concerned the proof irfhen r <,0 tn 
this case, our flgiu^e fflost be changed to the following: ^ 



P 




A 
B 



rQ 
rP 



Sinqe r < 0 , rP and rQ have directions opposite those of P and Q 
respectively. The proof for the case r >- 0 in the- text iilll need to be 
nody^ed as follovs in order to hold whai r < 0 . ^ 

. In step (l) , since r is negative and the absofute values positive, ' 



1a| = -rlQl and Ib| = ->!?] . 

. ' Instep' (2) Jli=^ = Ja. . 

- |A| -r|^ iQi • 
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3-5 



\ 

/ 



uo 



In step (5) , d(0,D) »Vd(0,C!^| , 

In step (6) , since the vectors are In opi»sl|e dlrecticms/ D « rC • 
When teacMng this section, ve would recotsnend that at first specific • 



• nuBiera tfe jased for p and q . t/Is an example, joonsider^ the line 
ffl' =^ (X:X « pA + is ,^ i4>ej*e p + q l) Let «P = 3 # 4 ^ ^ - 




.« 



2* 



apd ^^B and verify, by 

• ' • - " If 1 

construction-, that X lies on fiB . Then let^ P=-t and Q-'o 

„_ 11 holds. - " ^ 

Such experiences will help*tihe sl/udeni« Visualize i^at is really taking 
plaqe. . 
Ill ■ In Chapter 2, a formula was developed for finding the coordlnatee of a- 
J point vhich divides a line segmfent in a given ratio. A coB5)arable result for 
vectors is' derived in 1«hee4-effl 3-8. It may be of interest to the student to 
compare the dj(riva«.ona and the applications of the results. 

■ ^ \ . .. - 

1- * ^ ^ Exercises 3-^ ' 

1. " . A • C B • • 




(a) if A is the aero vect^, C = qB and 



if B Is the zero v^tctor .C = pA 



tb) if C = A , p = 1 , <a = 0 
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3-5 



1^ P > 0 , and q > 0 , the teralnaX poDxt of C lies 



In vffi ; 



(«> - (1) 

1 

(ii) 

(ill)^ If p » 0 , 0 = ^ and c" lies OT^ I - 
fd) (i) p q - i 



if p < Q idle terminal i^int C lies on AB ^'^^ 
not on M • ' ^ •V . ^ 





\ 
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Prove: (r + s)P « r ? + sP * \ 

We note thiftt- (r + s>P || '*rp'*'+ sP* ' , * 

- Caae j.; r > 0 ,/b > 0 . ' * 

r > 0 , s >0 ingjly "^i* + s > 0 ; Thus (r + s)P and rP fip 
have the same sense of direction, and ^ 

|(r + e)pj =: (r + B)|f| « rjp| + sjp| |rP| jsPj « |rP dpj . 

base 2: r ><0^ < 0 r > |s| ' ■-\ , • 

. ^ Then r + 8 > O' and '|(r + b)?\ (r V b)|p|^ (r - |s!)|p| = 
■ * r^. - Isjp = |r?| - |sP| = |rP + sP| . . ' 

Qbs^- 1: r >'0 / s < 0 , r < Isl ^ 

Then r + s < 0 |(E_i^)p{ = -(r-+'80|Pl = ("1^! + |8i)|p| 



Caae k: r > 0 a < 0 , r- |s| 

(r,+syp||o and |rP+sPl 



4 

1^ 



Case ^ r 0 or s = 0 . The proof follows from the .definition 6f 
- • scalar multiplication* " , 

C^iponents ^ - " ^ * 

113 The notation introduced inybhis section sin^^lifies vector manipulations. 

A coi^ponent is itseif a real nun4)er arid not a vector. 



1 



What Y actually dona in this section Is^to establish an i socKsri^iiBm 
» betw&en vectors with certain operatiions and ordered pairs of real nurab*er8 for 
which certain operations are defined. This leads eventually to vector spsipes 
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tifiicdi are* characterize abatractly by postulating the b^ic prppertlee ex^ 

hib^ted In this treatment. A set of postulates for a vector space can be • 

found In SMBO Intermediate MathemtlcSj page 6?8^2 of any text on «^^m 

algebra dr linear algebra. ^ * 

* ■ * * ^ . *" « 

Since the grigln-vector is unique, tlje vector [a,b] equals the vector 

lc,d] if and only if a c, and b = d . This deacriptiOn of equality is ^' 

used throughotft the rest of the text and in many ^problems * 

115 ' Part of the material presented earlier 6n,the topic of linear cosfcina- « 
" tions (See JJages IO8-IO9) is especially pertinent here. The unit vectors 
^ i^ [1,^0] ,and J = [0,1] in tw» dimensions and^#^ [1,0,0] , J =^ [0,1^0] 

and k = (0,.6,l] in three dimensions are us^ f n TOst applications of Ihtctor • . 
analysis^ The 1 , J , k vectors aTip discussed in Chaptef 8. 



* Exercises 3-6 . * 

\' ^ -(b) [-1,-1] (f) [4,-6r 

"^^^JiO ' [20,2lH * .^(g) [10,9] 

. '(d) [-20,-21^] (h). flU,-3] 

2. (a) (1^ ^ [1,5] . (^) t2,-l6]. 

(2) [11,-8] * ; ' I (5) [5^2,-^23 " ^ 

' (3) ' [13,-7] ^ (6) [-10,76] \ . 

J/ '•(fc) (1) X = A -H B^- C - [0,-2] ' ' * 



• 



X = - 3B = [*1,-^] . 



(6) X = - Ia -|b= [-|,n^l 



3.^ 1 



0 



(a) -m 

(b) 5^ 



% ^ (c) vPTb^ 



(d) 



O . • • 10 
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lOfi 



« A 

^(4,2) 

. .. . \f 



A Ui + 2J 
B = 51 -J 

p B - A = {5-l^)l+ (-X -€ 



%1 - 3J 



I. 



7. The mWpoint'of the i^ine segment joifiing (2/5)' and <5,8) * ia 



^8. (a) p=./:|'i+ij 
•(e) r =5^5^ 



13 



(b) x=-^ ' 



.27 
13 



2i 

^ ^■ 

_8_ 
^ " 13 



y = 



-1 r 



(d) X = r 
/ fom aai infinite s^. ' 

10. (a) [a,bj] = atljo] b{0,l'] 



4. 



for each real number. The real nuaiJej^ 



(b) [a 



2 I-l'l]. • 
f 



11-' 1^ ^^^t itjs. « J+3.3 ;ib8. X t' = 25 lbs. 



'f-^-- 107/ 



103 > 



* , ' — w—. : : 1 — ^ 

..**.' '. " ■ • . - • . ' ■ - 

f . ' . ■ * . ^ • 1 ■ t 



5-6 . -. 



^1 



12. Letting 1 ^STVcoriJ^spbnd tb 1 ^^t, set Vi$ a coordinate systsn, ^ 



1^ =120.^, 20. |] 



By] =^[|B|cQB(-30°y, iBjsin (-30°)] 



\ 



, A.^ B.== [16,12] .153 = [16 4- 15,V3;.3] =^ f^*2, ^3] . 

13* C^)* 2^^^ , below x*axis tn htYv quadrant. The cc»5k>nents of the second 

vector, ' [26,-12] . ' ' . , . 

^b)"^N^32^ from y-Bxis in 2nd quadrant; The cpmpojiepts of the second 
'vector, 5"= [-16,30] • 

n » • 

14, 2^^ 30* ' - - • . 

15, (a) 21^3 lbs. acting 5 north of west. 

(b) 31.3 "^its, act|^ 2^ north of ^st. • . ^ i - 

In p€a*t (a) the con^Kments are [-151^, 15t^ - 2b J . 

In part (b) the cciaponents -M-e '[-10 -AJv'S, 15V^ - 20] . 

16* 1^1,6 lbs. . • _ , 

17. 15IE0REM 3-1 > Let = [a,b] Q =^ tc,d] 

P + = [a + c , b + d] ahd 0^+ F ^ [c + a , b + d] ' ^ % 
^ But ykddition^in the real'' numbers is commutatiTp so a+,c-^+a, " 
' b / d = d + b . Therefore (a + c ,b^+ d] ^ [e + a, d + b] which 

THIX)R5M 3r2, P= [a,b] [c,d] R - [e,f] ' * 

(P + q) + R - [(a + c) + e ,^(b + d) + f ] 

P + (.Q + = [a + (d e| , b + (d + f)] ' ' ^ 

' 'But addition in the reals is associative which means 

[(a + c) + e',' (b + d) + f > ^ [a + (c. + e) > b- +'(d^+ f)] ♦ 
. Hence, ^ (P + ? = P 4 . 




THEOREM 



3-6, r end s .'are real numbers. ^ = la^h] , R. ^- [c,di] 



(1) r(P ? QnVt[a 4 c,b 4 dl) 

(ra + rc , rb + rfl] ^ Jj^^^ 
. = [ra,2b] 4 [rc,rd] xj^li, 



rP + 1^ 
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(2) (r-+ 8)P « :{r.4- sKaib] . 



= rP + sP. 



^g^m 3-10.' If X^=Vta,b3, and r is a real nvuriber, then T 

Case 1,5 .a.5» 0 . . X .lies aloag t^^eT-«»is. 5y definition, r 

lies along* the y-a3d.6 aaso vlth texptneil poi^t at/ rb « So ^ 
^ rX ^ [W:0|''rbV=? Tra^bl • ' . .\^ .^. ^ ^ • — 

Sase ^^yb O . ,1^ saa^ argns^n^, rX .» lra,rb] . ' ' 

We^ge^ OXA -VA^ZC 
id A OXB ~ A OZD * 



1 d(O.X) dCQ^A) d(O^B) . 1 
S° ar^ = di^ ^=1!^ =" 7 




•Let Z » rX 



Z == (ra^A) . 



But a(0,A) - a- d(0,B) 

ISierefore d(0,c/= ra d(0,D) = rb and 

( alten>ativ6ly ) * 

If X = [a,b] , define A = [a,03 B = [0,b3 so that X ^ A -f -B . 

rX = rA + • ^ , • 

By Cases 1 and 2, rA = [ra,0] , rB =-[0,rb] . ■ 

So rX =^ [ra^O] + [0,rb] .= [ra,rb] • . ^ 

The' vector repre^sentatlon of each set below ie written so that if r 
we obtairi A and* If r = 1 we obtain B 



(a) 


{[2 - 


6r , 3 +'2r] : r is a real nuntoer} 


(b) 


{[1 + 


2r , 3 + 6^] : r is a r^al nnni)er} 


(c) 




-T +*9r] : r is a real nufliberj/- 


(f) 


{[2 +■ 


r] : r is a real nuniber] . 


Je) 


a -I 


+ Ifr ^ 2 - Ivr] : 0 < r < 1} 


if) 




r] : 0 < r < 1} 


'is) 


([3 - 


5r , - r] : 0 < r < 1} ^ 


'(h) 


{[1 - 


kr , -2.+ 4r] : 0 < r}' 


(i) 


([2 - 


• 

r] : 0 < r} 


(J) 


([3 - 


5r , 4 • r] : 0 < r] ' ' 


(K) 


L(-2 


f , 3 + r] : 0 < r> . 
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(I) ([2.r>:0<r") * > . \ -.7'., 

'(ill): ([3 - 53^,^^^J^] J 0 >H" , ' 

(n) i (-3 + , 2 - 4r] s 0 5; r < 1) ' * *. 

'i iao. 13,-6] , Tj^> i2^J»] ,?g «{fu,a9^ , ' • . 



4 



2 . 3 . 



2i. 




(c) [0,p] * • . «. 



4 



(d) [|;,|3 

(eX r 39« +.21^ vifa' + 'gUi^. j 
" 26(72 + 3^(V2 + «), 



t 



(f) 17] 




3-7. Inner Product. 

121 All-hough it Is deslrabLe^®gel!^4ally t(^4iave so»e kind, of vector 

' multiplication, It Is a little more dlfficulf^ to introduce in a geometric 
framevork* It would ber possible to' start by, simply defining the .Inner product 

t- 

of* two vectors Ijy * , ^ 

TM8 is quite satisfactoiy from the algebraic point of view, but does not 
connect very *well with oi^ development of 'vectors to this* point.. Hence a 
geometric approach is used by applying the law of cosines to the triangle 
formed by ' T and T. The definition of inner product is then maae in terms 
of the resulting expression. The physical 'concept of work is one of the 
simplest applications of the inner product. It is irieluded here to'show that 
the inner product<*hafi relevance to a' practical . problem in science. 

123 Theorem 3-13 establishes the connection between the geometric definition 

of inner product, and its representation by componentB 'of the vefctors. Either 
form cae'^e used as indicated by a particular situation. 
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We did riot present tjie ve<Jtor product or cross-prc^uct) a x b .beeause 



SOB^ yjaitatlons had tD Ije pet for .this chc^er. 15?^ i^nltude of 



a" X i= leTI |b j sin 6 ; its direcfTon lies all&ng'i line perpendi(;]LiJar to the 
plane deten&jbned by a and b | and its sense of direction la "determined by 
the motion of a right-hand screw ^en a is rotated into d • 




} 



/c" = a X ^ 



^ You should note t&at a x S = -b x a because the sense of 'directipn- is 
reversed. Thus the eOBmaitative law fails, ja X b{ is the €area of the 
parall^ogram with a and b as sides* . ■ 

Your interested 'Students n»y :^ke to investigate this topic in a standard 
text on vector analysis. • • ^ 











Exercise 




(a) 


0 






0 




(b) 


• o' 




(f) 


" -7 




(c) 


1 




(g) 


ac 4- bd 




(d) 


1 








2. 


( a) ■ 


-11 




. . (f) 


-205 




(b) 


-66 




• (g) 


--76 










(h) 


, 0 




(a) 


-110 


1 


(i) 






(e) 


29 




(J) 


6k 


3. 


(a). 


90° 




(e) 


132° 




(b) 


80° 




(f) 


31^° 




(c) 


109° 






0° 




(d) 


60° • 




. (h) 


180° ^ 




(a) 




• 


(b) 


iBj^ = 169 




o 
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(e) + S 161*- 12J 



B 



' 0 



/. IC 



(2,-1) 



r 

r 



MOB is fi^ rii^t 4$ 
If c" is^ shovn, 

= i 7J 



• 

B 


1 

\ 

J 




\ 

\ 

N 



A = 21.- 3i3 . 
B = 2i + J 

A . B = ! Aj . |b| cos 



(a) ' A.t/= (2)(-2) + (-3)(1) = -7 

From A . B = |A| 1b| cos 6 , ve find that cos 9 = -.863 

.*. 9 iB approxLiB»tely 150° 

(b) Since' W=F.S and F=A =-21 - 30 

S" = F = 21 + OJ , 



we have W - F • S - 



a„ + b^b 



1 2 



and 



W = (2) (2) + j/^3)(0) = 1^ (m proper units), 



3-« 



8, (a), 94o ft. lbs. 

. ih) flSfio ft* lbs*. ^ 

9*. (>) lo.*^ ft? 

(hY 588.2 ft. * 

10. » 

















♦ 












1 


s/ J 






• 


/ ^ 




• 






V 












1 












» 



(a) |Ai^= cos^ e + sin? 6 -= 1 , |b| « cos% + sin^ ^ =-r , and 
A.^B = |a||b| cos^f' wii^re ^ Ts the angle between A and B . 

(b) In this case V = o - 6 

A • B = |A| jB| cos (4.-6) =1.1. cos - «) = cos w 0) , 
Using components A . B^ = qos ^ cos 0 + sin 6, sin 0 . { ' 

Thus ios (4) - 5) = cos 0 cos 9 + sin 0 sin $ . ' \ 

11. To shov -1 < ' * - — <1. * 
• • ■ - IxI.iYj - . ^ . 

^miis expEession is 'defined only, if X o" and Y ,^ o" . In this case 

X. Y is defined as |x| |y| cos 0 . Hov -1 < cos 0 < 1 for any anglf, 

XOY , |x| |Yf / 0 so ire-may' multiply through by 



' l-|f§ setting .1<444<1.' 



12. There Is no associfetive lav for inner products. The tnner product'of 
two vectors is a Scalar, ■ 
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3-8. Lavs and Applications of the Inner (Dot) ^duct , 

Bfost of the proofs of geometric theoreni hav^een left for Chapter k. 
These two proofs are given here to demonstrate that an abstract concept, such 
as the inner product of vectors, can be useful . The proof of the concurrence 
of the altitudes of a triangle is, we hope, impresoive. 



129 Abri^tTbt&dent mayrask nby m m^st i^tetsect^ or i^^r AH mxBt 



|e asd Involves nun^er of . 



proof 



Intersect BC * The answer is far 'from b _ 
' ' theorems involvrng^be coi^s of order, iniidLce, betweenness. A, " 
capful treatmerit of -sucii questions is glveJ bjJ E.eI Molse in his book ^ 
* . Elementary Geoay^ry . frtm an Advane^ ViewEOlM4 A feareful non-vectto.F 

of this theorem is in SMSG aeoinetry~vith toordlnates, p.- 600-60?.. 
131 A second derivatttm of the* formula for thfe area of a triangle, ♦ 

K = I \\y2r. Vl^ ^^-^ follows: . 




^ (1) Cohsideif dCXC and^the realted non-zero vSctojs X = l^,^2^ and 
T = [y ,y ] and the angle 6 betve^ them, inlying the trlgo- 
nometric form for the' area of a triangle/ ve have ^ • 

K =1 |X| |Y| Sin 0 . . ^ 

(2) Since X- |x| j y! cob 6 , we have |xl |y| = ^ ' ^ 



cos 6 



, and 



K-*(X. Y) tan e , e I - 




(If the vectors are perpendicular, K = -IIxIIyI) ^ 

r- 

m 

To write the result in terms 'of componei^ts, we observe the following: 
(a) X. ^ = x^y^^ + x^yg 



/ X X» Y 

(b) cos 6 = -iZ—^ ^ 




-^^2 - Vl^ 



\ + /y^ + ¥2 . 



2, 

* 

ti^y^ - x^y^) 



(k) ' Thus K = ll^x^S ' *2^l' ' 
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Eiterclse6 3-8,9 
(tx). Y t(X. Y) = (X). (tf) . • # 

.: [10,20] . [-1,-33 = 5.Cf2A] . [^1,-3]} = [-qM* 

'-10 - 6p » 5(-2 - 12) = -10 - 66 ' 
« -70 a -70 = -Vo^ '* 

2. tf X = [xj^^Xg] and Y w.fy^yg] , prove that ' . 
: '(t^. Y ^ X. (tf) 

' - f^^f'^^'ivfyi^^ai fvVf*yi'*y2^ 

*Vl + tx^y^ -.^^;ty^y2 



¥ 

I 

t 



V 



since this* last stataa«3,t is true, the ete^'can be reversed to 
' prove the original statement of the theorpm, 

3. To p3?ovei • - • 

• X-(^ + bZ) » a(X-Y) + b(X.t) , ve not^ ■[ .. - 

that; X . (ay) + X . (bZ) = a(X. Y) + b(X. Z) (Theorm 3-11^) 

and a(X. Y) + b<X. Z) = a(X. Y) + b(X. Z) (Theorem' 3-ll»b) 

(a) (A + b)- (X- B) ='(A +B) .A - (A + B). B (fRieorett 3-ll*a) 

» (A-a)+ (B. A)-.^6B).(B.f) (Theorem 3-1 

= |a|^ - |b]^ (Commutative '^perty of Inner 
. . • Product and the fact liiat^ 

'■ , . . ; ' A.A = |a|2 , 1.^= if !%;.' ; 

*(b) Construction: Two lines are parallel or interdict at a point J 

(1) Theorem. 3-12 and Theorem 3-l4a , 

(2) Same . reason, . 

(3) Equality of real numbers and the coismitative property. 
(k) Aflditive property of equality, r 

(5) Theorem 3-1 W and Theorem 12. 

(6) sT lies on AD and (c* - b) lies on BC . ^ 
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(3. -I) 



6. (a) - ^ 

: (.) -If- 

7. (a) X direction, 15t^ 

y direction, 15^2 

' (c) 



; -'Ilis + 2j > / ' *- '. 

* ■ 

(Sieck bW alternate metdiod ; QAJ^ 



since 



' is the ne^tive' 



.' , .. • "55 » Is an ^ 



reciprocal-of ' 
.E^lti-lH^ of. -^OAB . 

d(0,A^ » VlO . ana. d(b,B) - Vjo , ^ 
A ='|("V5^){VIiO) = 10 





- . I 



Let P lie any point not on d^^, 
*-Let ^ iptersect ^ 

8jtt!es re^ctivel^ 
^ at points (if S. 



To show 



Take^ oxlgia At A. 




m 

(2) 



vfaich reduces 

■1 



Thus "P 



C8 contaiae points • 3^ * ^ ' ^ ^ * ' d( A jj"^ 
8l cot^ns .pomte yB + (l - y)R f yt * (l *,y) ti^i^l C 
For intersection ^ » (I - (l y) |||k|| 

» ^ ' ■d^A,R) ■ d(Si.B) . 

* " da,B) . d(^'c) - d(A;sS . afA,R)- 

.. * ■ ^d{A.9) . d(R,C) 

f d(A,B). d(A;d) - iJ(A;sS . MA,tl) 

a(A.s) > a(R.c) ^ 

d(A,B) . diAlc) - dUJs) .d{A,R) ^ 
d(A.R) ' 'd(S«B)' 

' a^A,B) . aCA.c) - d(i,s) . a(A,R) ^. 

Biit Q .is on so for some t we have 

' tP^=-|[|ji)(C.B) . 

and t ^ - d(A,R) ' a(S.B) ^\ a(Q. 

* VdjA,B) . dtA.'c) - d(A;s).a(A;Rlj = 

Substituting the e>q5ressiot^ ^'or t. obtained from (3) Into ik) and 
slinplifying we get 

d(^). d(S,B) •d(Q,C). d(B,C). d(B,C). a(A,S).. d(R,0)A d(^,B) 

■ : 7 , 
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Coasider A ABC ' ' • 
^ _L IS ' 
•P is a point (»?p5 
"H itttersects fi3 , at 'B^ 
mte^cts at M 

lia" origin at D, x-jEis alo^ v-axLs aitsm "JBl . 




A « [a,0] B «-^t),03 - 0 [S,c] P » [0,p] 

Be cc 



(This exBToUd cottBider^ <mly the- case -D Btriotl3?^we«!» A and B 
so that a < Oi}f^h a*d • |.f^ | 

^ I Y — M. f " 

(x, y) U on PB, then y = <x - b) . \ 

H >fe get 



If , (x, yK is on thep, ^^-^^^ - a>' ; 

I'l^ (x. y) is on ra, then y = <x - b) 



Solving these to find'coordi'naies pf I 



' if (x,y) is on BC , then y = (x - b) * 
If (x,y) is on' f^then ,y-= -iJ^ (x a) • ■ 

* v. - 

Solving for the cooi^nates of M we^get 

* > be - ap ' be - ap ■ ' x' y 
Beeause both i^C and >DC are sajaller tlan 9©° angles ttey are 
congruent if Isin JSotf = \Bi.n Jmc\ for vhieh it is enou^ that 
lain ■ ^1-^ = isin" Jwcf. But this follows from^ 

" " " (be-- gp)^ 



I sin /SSC] »-= « 



2 l^l^ aV(, - c)g fee ■ «.)' 



and Isln Z»0| = TJ^^^," . ^.J^. ] . p)=. - a)= 
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CaiBiaes^ B as origin.'"' 



hst^ji" "be Bxsy line >^cb *doe8' not pass 
*. thrill an^ vertex of^ A* ABC. ' 
. • intersfects i^ , fi , fiJ at P , Q , B , ^ \ 
'respectively. (Bjis '<s<m-t^tifir Ifflpliti-^ 
asBtiagitiop that ^ is parallel to tone 
Of -tfie- sldfes'^ A ABC.) * 



is dh /sb f or soBie Q o xA* (l - x)C^ 
(I is on «l so for soise Q * yP + fl - y)R 

(1 - X) . (1 - 



Bence x y, 



From these we get 

Q Is a defined point only if the denosdnator is not zefi0, i^ch is the 
condition that excliides ^ parallel to a side. • 
Similarly we may write 

. '^"=drV^A+^j|*^<J . (2) 

^ Then the Coefficients of A\ euid C in (l) laust he equal respectively • 
to the corresponding coefficients in (2). From which we find * 



dtCc? d(R;B) d<F;A) 
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Thus need to show ttoftt^ • *, \ 



* Birt this is true because we alimars Iwre \ ^ . 

. Then TO write (X • Y)^ < |X|2 • |y|^ . . .' is>,C.. 

(c) (X • \ f = |X|2 . if and only if - ig^r 
and only if t" < r?, r ^ 0 _ 

' * . •' 

Revlev Exercises •f _ 



(a) X = aTk B - C = Iq,-2] 

(b) * X =|(2A+ ^- JJC) = 

(c) .x«c-|a + |b- t-|»^3 ■ •' " ^' 

(d) X = C - A) = [- V ■ • . . 

(e) » - ="[-1,-2*^] 

Prove: A + X = 0 is satined by ^ * 

X = (-1)X = -A . • / 



^rgof: ^ • 

*= A ♦ -A 



A + "x « A + ( -1A) . (SubBtitution) 

(Definition of 
"O (-A is additive Inverse 

of A) ^ # 



(rs)P = r(sP) ^ ' • 

PTTOf ; (rs)P ana r(sP) are parallel and have the same sense of 
direction. , ■ 

|(r8)pj*= |rsiiPl'= IrllsilP] = |r||8Pl = Xs?)!'. \ 
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5. ->) .l-6,*2] . ' 

6. uV o' ' 



•(c) .21 

(a) ^-36 
(e) 0 

7.> (a) 21^13 • 

(b) 2VI3 + ste 

(c) 2VI3 +;3VlS 
, (a) -Vt3 

•(f) <^ 

(«) 5VT3 



- ; >^,),aH; 
.'• (h) ^-u * 

(rt -192 
J.' (3) -u 



- - . ■ V 



(b) 0 ^ 

(J) 339' 

> (k) 225 

. '(1) 26 

(m) 105 



in) 52 • 



8. (a) -2(21 + 3J) * 3(31 - 2J) C-^liiijf 3.5) = + 6j •»■ 9i 

^ * -^l^t - 3J * ' 



(b) -71 + I6j 



(c) -21 + 17J 

(d) 61 ^ 

(e) lUi ■»- lOJ 

(f) -18U- Ifj 




/ 
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9. (a)*X = 61 - 2J 

(t>) 2(21 + 34) ♦ 3(31 - 23) = M-1 + 3J) + 5(«ii "+ ^) 

171 -,12J = 5*j^i + ^ r 

17 . ' 



-12 



12. 
5 



^ -17. 12, 



(c) X = .|l-ij 

(d) - 21 +'3J + 2(xj^l + xjj) = 3i - 2J - i + 3J - .Xjl - 

21 + 3J + ^1 + 2x^ = 31 --24 - i + 3J - Xj^i - 
01 + 2j - -3a^i - SXgS 
. ' 3^ = 0 



-3x3 - 2 



2 
3 



^ 0 



(eX X = -71 \ 
(f) X = - ^i 

10. (a) .(21 + 3i) ' (31 - 24) = (2)(3) + (3)(-2) = 0 

(b) 2(21 + 3J) • 3(31'- 2J) = (in + 6j) . <9i - 6j) = {k)i^ + (6)(-6)=0 

(c) 21 ^ ' 

(d) -36 *• V. ■ ' 

(e) 0 , 

(f) , -38 

(g) (3(21 + 3j) + 5(31 - 2j)) ' (3(31 - 2J) - 2(-i + 3J)) 

/ (6i + 9j + 151 - ibj ) • {91 - 6j + 21 - 6j) J 
(211 - 3) ' (111 - 123) .= (2l)Jll) + (-1)(-12) - 2k3 



(h) " -k 
(1) -192 
, ^ (J) 36 
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11. (a) m/ABC-*90 • (in degrees) 

a ^jfeCD = 1(X) 

. . jtt ^{dab 115 ^ 

: (1>) Area of ^OAB « 9 

Area of ^^3BC = 8 • 
Area of ^OAC » 7 

(c) Area of ££SC r Area of AOiAB^-t- Area of -^Area 

*=9 + 8- 7oi,o 



12. 



C 



B 




A 



Area of MOB = i{ bl^^ - agb^ | 



*f^Area of ^OC = Ih-^Cg - *2*^1^ 

Area of AAOC = ^|fi^<^2 " *^2^^ " 4 

From the diagram ai>ove: Area of Area of MCB -f Area of 



, " ' . mx - Area of AAOC 

Area of AABc'|. ija^b^ " ^2^1' *'|l\°2 " ^2°ll " IK=2 " 
Area of MB(^ ^ |lK^2 " ^2^1 * ^i°2 ' ^2°1 " \°2 * *2'^l' 
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Area of AAQB = ^la^bg - agb^l 

Area of BOAC = 2( Area of MOB) «■ |a.b - a^b. | 

(a) [-Ml • . • 

(b) - • ' 
I . fl 9 Hi * 

15. (a) /iABC = aI U K U CA ^ ' 

» C(? - 3r , 3^- r) : 0 < r < 1} U{[-1 + 2r , 2 + 2r3 : 0 < r < 1) 
- . . UtU + r ',3 + r] : 05 r < 1) 

HegionABC = (i + rU-i) +«(C- B) : 0 < r ,^ 1, 0 < s < 1 , r + s < l) 

' = + + 2+r+2B3 : 0 <-i ^ X, 0 < B < 1, r + s < 1) 



Int.(RegJ^) =» {B + r(A - B)+b{C-B) :0<i''$1,0'?b< 1, r+s-CL) 
« ([-l+3r+28, 2 + r+^3 : 0<r<l> 0 < 8 < l^r+s<l) 

(t) [1,3] = E-1 + 3(|).+ , 2 + (|) + 2(^)] i*ere ^ tirtaHOy have 



0 < r = 



|<l,0<8»^<l,and r + 8«»| 



< 1 



So [3,11 e Xnt.(Reg.ABC). 



) 



(c) [l,l3 = + 3r + 2s , 2 + r ■»■ 2b3 if and orOy if r - 



s » - J* So clearly [1,1] ''fioes not satisfy the conditicms to 
In Baglon ABC • ^ I 
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(d) B^^imst - {[1 , 1 + 2t], : p < t < 1) 

Rrcni gra^cUL cKmsidezmtlQos, we ehov P^P^ intersects 11 ybidi 
Is » sut^eet of MEK; • l!he ccnsOitlc^ 

0 < T < 1 . 0 < t < 1 , [2 - 3r J 3 - rl « [1 ^ 1 ^ 2t] art mot fbr/ 
t «= ,^ , r - -J . Hsnce thie segB»nts intersect in the point [1, /^l • 

.1^. Region ilBCD > Iteglon BADCBeglon BIK^UB^gion BAC '> 

= {3+r{A -B) +s(C-B)+ t(D -B): 0 <r < 1, 0 <s^l , 0 < ti< 1, r + s <1, 

8+t<l, r + t<l) 

« ([-l + 3r+2s + 3t, 2 + r + 28+ 2t]: 0 <r<l , 0 <s < l,0<t<l, r + s < 1 
/ . 8-Kt < 1, r +t < 1) 

/ ISbte: "Uie cctaaas iodit^te lo^cal c(»aJunctlon of th<f six individual 
/ conditions. ^, 

17. Bs^&k ABCD - • 

(B+HA- B) + 8(C7 B) +t(D -B)s 0 <r < 1, 0 <b < 1, 0 < t < 1, r ♦ srWl, 

^ s + t < 1 , r + t < 1) 



18. (a) 90*^ 

• (c) k3° 
(d) *6l° 

19. /CAB - 90° 
/ABC o 
/ACB = 

20. /PSR - 135° 
/SRQ t= 135® 
^IQP = 1^5° 
/QPS = i^5°■ 
Trapezoid 
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Caiapter k ' 
'■-J IBOOFS BY AHALmC ME3H0DS 

^ . * 

!nil6 Is the first of vhat stgs^ atudents refer to as "fun" cbaptesrs/ - 
l^re is nothitig riev to learn tn the sense ^at there are no nev '^eor^os or 
definitions. Hie stuaents\ave accujaolatysd a vjri^ty of tMlsj nov thegf vill- 
see hov these tools loay be used. In spite of the gzt>an6 and e(»a|jllaints one 
hears from the claiss, most, students thorou^ily enjoy this type of thing* 

OuSr priXBary conceiti^jUi this chapter is that each student develop a 
systemtic approach to Moving problems by (KXirdinat^s or vectors • ^ We feel 
that a satisf actoiy haglnning can be made ^y vriting analytic proofs q£ 
familiar gecmietric theorems* It is also our aim^.that, while he is oi^ratliig 
with these analytic tools, each student realiser^^d appreciate the power 
available In the application of these tools. These sethods represent a ' 
tr^iendous advancie in math^oatics. and the students sh(^d be aware of their 
heritage. ' * ♦ . . ^ 

After a discussion of three, n^hods of proof -*by rectangular coordinates 
by vectors, «by polar; ^p<»rdinate6 — the cbaptexv> culminates in a secticm where 
the student mist mak^ a j^onscicMis choice of method. In order that the strident 
not be denied this vkluable opportunity to develop math^atical maturity, the 
teacher xmist avoid the tesnptatlon to 'decide for the student • ^refy .^udent 
is entitled to learn i^t happens when he makes ^ poor choice. JVLr%Kermore, 
his clK>ice may be, fpr him , the best. 

The exercise solutions €ure given in the form we think is the most 
natiural; but, to follow the spirit of th<^^ext, the teach^ should accept 
any x'resentatlon ch is matl iCTiat i caller sound* %en if the teacher feels 
that ;;fche student wuld have^ produced a simpler or more direct proof by uAng 
another loethod, this could be pointed out. 
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l^-;2; Rroof a Usjlng Bectapgular Coordinates , 

Thlje section, .^ch is^ concerned with proofs using rectangular 

* coordinates, may be ski^d or swjftly reviewed if the class has already 
covered t^hls material in another course. Some tiine might l>e saved in this 
way since the time alljotn^nt for this chapter assumes that Hiost of the 
students have had little or no experience in this jurea. ' 

The technl^ques we recoaraend are developed by Bieans of examples. 
Following Example 1/ yns have suggested a short outline of systematic steps a 
student may follow iYSr the problems which seem particularly suited to 
rectangular coordinates. To facilitate the study of the exauqjles, we suggest 
that each student copy i^e figure %nA suK>ly coordinates for it as the proof 

* proceeds* 

Aiwng other things. Example 1 illustrates a rather delicate choice the 
^student must isake. On one hand, Jbe nwst select coordinates which flttJce the 
figure perfectly general; on the other hand| he should choose coordinates 
^ich wake use of -trhe infornation given in the protol^* If he does this 
improperly, in the first instance h^ jaay have a prcK)f which is valid for' 
only a special cn^se'j in the second instance he may have a veiy complicated \^ 
proof where n s*4ple one would suffice. Exadpl^ 1 shows tow the clwice o^ 
doordinates my be improved without losing generality in the figure. ^ 

142 * We use the fact that d(A,C) = d(i^C) to show that CD has no slope. 



or 



b^ ^ b^ . Ifab + 1+a^. . C » 



Therefore, , * ^ab = ha^ , 

and, if a ^ 0 , then a = b and CD is vertical- ^^JL 

1^2 Regarding the choice of ebordindtes for A and B in Figure ^-^^rwe 

deliberately chose ''-a" to the *Lghi of "a" so that some students who' need 
the reminder may note that -a does not necessarily represent a ne^^ive 
number. It^means the opposite of a; hence, when a is negative, -a is 
positive. ^ ^ , ^ * 

lb show that C ' lies on the y-axis, we note that 

d(A,a) - d(B,C) , 



or 



4 
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1)^ - Sat + ft^ * 2Hb + ^ . 



Theyefore, 0 = ^b,^ 

and, if a ^ 0 , then b = 0 . -W 

ll»3 ^ Justify the choice .of abscissa for 'point C In Figure 4-5 In the 

following ws^. I«t D = <b,c) and C = {d,c)\ Since' BC[ | AD , their 
slopes are e<]ual. Thus 



d - a 



§ . V d) , 



and 
or 



b = d - a , 
d = a + b . 



We are dealing vith well-known and previCHisly proved proj^rtles of 
geometric figures j therefore;" so^ confusion may exist in th6 clBse asito ^ . 
which of these pi4)perties my be assuised in closing coordinates for the 
figure. Alttough the teacher is .at' liberty, of course, to set up his own 
^^kround rules", we qrecoamend that only thoi|e properties ascribed to 
geknetrlc figures by their definitions dr^y the hypotttesis be allowed when 
selecting the c{K>rdinates . Fbr the. purposes ot^ this section, we iiavc also 
allowed the theorems (after proof) of Exercises k^2. The teacher is ru>t 
bound by this* CXir reason for the exception is to nake'it unnecessary for- 
a student to pA)ve the same thing in two separate exerciser . 



Ikk To (Coiiq>lete the proof <^ Exaag^le 

3, we note that for tl^ conclusion, * 
d(A,C) = d(B,C) , to be true, we mxBt 
have 



This wiU hold is a « b . Frtsa the 
hypothesis, we have d(A,N) = d(B,M) , 
or ^ 



/ 2 g 

/(b - ea) + c 



/(2b - a)^ ^ 




A* (20,0) 



This siiig)lifies to 



or 



Ifab + ^a^ ^- c^ = Ub? - 
2 2 



Figure k^6 

2 2 
If^b + a + c , 



" ' 2 2 
rrom which we have a = b as required. 
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D 

2. Definition of siedlan. 



iWf ' , Wb include a swpie syntibfett^ piwf for Stai^le 3: 



Hyiwthesls: 

W and AN are mediaijs* 
Si = AH . 

Ck>nplu8ion: 

AQ « BC • 

Si ancT AH are aedlans* 
2; M is the mi<!^lnt of, AC; 

R Is the midtooint of 
3. Ifflll^. ^ >V 



U. Introduce and m 

perpendiciilar to AB. 

6. B( ^ AN* 

7* *^^ID and AASE are right 

triangles . 
6. ABMD ^ MNE. 
9. /BBM = /EAN. 



B 



3. 



10. AB S AB, 

fl. MBM = ABAH. 

12. Si = M. 

13 . d(A,M) = d(B,If). 

lit. d(A,C) = d(B,C). 

15. ICJ = IC. 



IRie littf Joining tte midpoints of 
two sld^of a triangle is parallel 
to the lin^containing t^^' th^ 

f h. Kiere is a uniqUe ^^wprpendiculAr to 
a line from a*poijat ^t^ on the line. 

5. Barallels are everyvheri^ 
equidistant* 

6 . Hypothesis • . 

7 . Pferiiendiculars form right a^^s . 

8. Hypot«uBe - leg tteorea, 

9. Corresponding angles of congr^eht 
trlaiigles are congruent. 

10. Iteflective property of congruence 
focp segcients. . 

11. 8, A. S. theoroB* • A 

12. "" Corresponding sides of^^c^ngruent 

triangles are congruent. 

13. Definition of congruence. ^ 
lU. Definition of midpoint and 

ffiultipllcation property of equals. 
15. Definition of congruence. 



ilf5 It is anticipated that the tea€*her will assigi^ all of the parts of 

Estercises to a single student. The^^ess exercises may be used for test 
iteins. It is suggested that exercises 10, 13^ l6 be assigned to everyone. 
These theorens Eire proved by vector methods in the next section, and the 
studen^^ may profit fraai a ccxaparison of the two n^thods of proof. 



Exercises .^^-2 

(ifote: Formal proofs are t^t presented here. We merely indicate the 
essentials of one possible solution for each problem.) ^ 

1 



1. M = (a/c)^ N = (b,e). ^ 
Slope of M = 0; 
slope of » 0 • 

. V • d(M,N) = /(a - b)^ = |a - bj. 

d(A,B) = /(2a - Sb)^ = j2a - 2b^ 

= '2la - bl 

2. M ^ (a,c$; since 
!^ ||5b, P = (x,c). 

. P lies on BCj therefore, slope 
of PC slope of BP; that is. 



C=(0,2c) 




A>(2a,0) 



Bs(2|^0) 



C= (0,2c) 



X ~ 2b - X 
Thus, X = b and P = (b,c), ^he' 
midpoint of BC. 

3. Part I. If d(A,P) = d(B,P), then 

y^x + a)^ + = /(x - a)^ + , 

2,, -^2 2 2': 2 - 

X I ^ 2ax + a + y = x - 2ax + a + y , 

and hax =0. 

Therefore, if a ^ 0, then x = 0- 
and P lies on the y-axis, the 

AB. AM-a.O) 




Bb(q,0} 



perpendicular UTSecc^or of 
Part II. ' If P lies on the perpendicular bisector of AB, then x = 0 
and dCA.P) - JeFT/ = A-af + y^ = d(B,P). 



6 
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J*. Sy definition 0C ||AB and- their 
slopes are equal. Tbos 

m 

* / and t a + c . Theref ore, 



d(B,C) = /a^ « |a| = d(A,*) 

and d(C,0) = -1^+7 = d(B^). 

5. ,B s= (a + c,d) because , / 
<.d(B,C) = d{0,A) and BC |j 55. 

Slope of OC I = slope of 

therefore, OC j |S. 

.6.4 Midpoint of m ^Q^f)^' 

iBK^int of AC = f )• 

Since 

b a a + c and d = e« 
This satisfies the conditions for 
the theorm of Exercise ^» 



7. Since OABC is a parallelogram, it ^ 
my have (x>crdinates as in 
Bcercise 5* Since d(0,B) ^ d(A,C), 

/(a 4 c)2 + = /(a « c)^ + ^ , 

P 2 2 2 2 2 

a -t- 2ac + c^ + d = a - 2ac 4 c + d , 




*ajid Itac = 0. 
If a ^, 0; th« 

therefojfe, /OAB is'-a right angle. 



■ If a 4,0; then c = 0 and B = (a,d)i 



A«(a,0) 

















: 










. ^ 




0 


A = 


[q,o) 
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0 

8. The cxK>r41nates shown in the figure 
take acecmfift ^/biye fac^ . tiiat a 
rhoB&us 18 a parallelogiM with 
congrueiSt ^Ides* 

Ta «- c 



The slope of 55 is 



c - St 



the slope of OB is ^ 



a 4' c , 




A« (0,0) 



.2 



a - 

The product of the slopes is 5 = -1 i he^ce, the diagpiials are 

■ d »- ■ a 

per^ndi ci\lar « 

9, The sliiTje AC ^ ;r"^ - " 5 the 
\ - c — a 

« Sincei^i^ 



— ^ d 

, n^lope of OB s= 



a^ c 

d ; d 
c - a a -i- c 



Bg(q4C,d) 



2 2 2 
Therefore', d a - c , or 



a^ = + d^ • H^ce, % 

|a] = VPT7 = d{0,C) « d{0,A). 

10. P = (a,0>; ft = (a + b,d); 

R = (b + c,d + e); S = (c,e). 

Slope of ^ ■= slope of 1 



d 



bIoj^ of "PS = slo|% of Rft 



c - a 



11. P = (a,0) ] Q = (a + tifi) ; 

R = (b + c,d + e) ; S = (c,e) . 

Midpoint of HP ^ \ 2 > 2 ) ' 

^ i-srx /a + b + c d+e\ 

midpoint of ^"^ = [ — 2 * 2 ) ' 




loo 
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12. d(A,C) = /(c - Btf + a^' 
= d(0,B). 



13. D = (c,d); E ^(a +4^^. * 

Slope of H = 0 = Qlope of oS 
and slope of BC.' 
" ,d(0,A) = d(C,B) a 2a + 2b - 2c 

= 2{a + 1> - c). 
d(D,E) = a + b ^ c. 



Xk. J> = {c,d); let E = (e,d). 

Since E lies* on aS, the sl,ope 

• *■ 

d M = the Bloiw of M} hence,- 



^ - e e ^ 2a 
and^ e » a 4 Therefore 
E = (a + h,d), tte miapoint pf AB. 
■. • ' 

15. Let the acute angle he^^C^O. 

k2 ,^ . 2 



(d(A,B)) - {b a)T + c 



b - zs3ir'+ a + c . 



Also (d{0,B))^ f (d(0,A)) 

2d{0,A)b 

= (b^ + c^) + - 2ab 

2 2 2 

=» b -'2ab + a + c , 



2 
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The point (a V b,c) divides each 
of CK, H4, and AL In the ratio ' 

.2:1. ^ . ' ■ 

17. Since AP _(_ BC, ,the sl O^a ef 
AP =i since I AC ,/the 




eli^ of Bft = — . 



AP - ((x,y):. y = |(x - a)}*; 

^ = l(x,y): y = |(x - b)}-. 
Since the intersection naist lie on 




B«(lsO) 



* 18. 



the y^axls, x = 0 , and the .poin/ is 

(o.-f). . 

In solutioa of this eiiercise. we wish to make use of the 
proposition:^ The segment joining the center of a circle to the^dpoint 
of a chord of the circle is perpendicular to the 6hord, We dispose of 
this proposition first • ^ 

Since 4(0,A) = d(0,B)i 

2.2 ^2 , ^2 ' 
or a + c = b + dti , 

The slope of AB 



the slope of m =^f-T^ ' 
The proiiict of these slopes is 

— 5 , and, since 
a - b*^ 



2 ^ a .2^,2 2 '2 ,2 







B 




/ \ 
/ ^ ' 




/ 

/ \ 
/ \ 

1 ^ 


# ^ ^ ^ 1 

— - - -U » ■ % 


1 0 


/ ^ 







- a 
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aibstituting in the producT^f tfie elopes pbtained above, we have 



therefdre, Si J_ ^ . . . 



= 't i 



r 





y 




I. 




»L-— ^^S. 




0 


I C=Co,0) 1 









FRir 



We return to the first problem and select a coordinate pystea as 
depicted in the figure. We have placed the origin at the midpoint of . 
PC , and ve let M = (x,y). 

We then Aiave 'd(F,M) = /(x + a) + y , 

^ d(M,c) = /(x - a)^ + y^ 



and d{P>^= 2a . 
By employing the Pythagor^ean Theorem in AKM we obtain 

2 



V 



2 2 2 2 

(x + a) + y + *(x - a) + y 



1^^ 



*or 



P cP P 2 2 2 2 

X + 2ax + ^ + y + x - 2ax + a + y = , 

2 2 2 
2x + 2y = 2a , 

2^2 2 
X + y. = a . 



We reco^ize this as an equation of the circle of radius a which has 
its center at the origin. "^'However ^ the entire circle is not. the locus 
in the case we have depicted. The locus is the arc of this circle which 
is contained in or on the fixed cijrcle. T)d$b is the ca^e for which the 
radius, r , of the fixed circle is less than 2a; the point P is ext^ior 
to the fixed circle^. If r - 2a , P is on the fixed circle; if r > 2a , 
P is inside the fixed circle. In hpth of these latter two cases, the^ 
2 2 2 

entire circle x + y = a is the locus. v 
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P roofs Using Vectors ^ ^ ^ ^ - 

iSie purix>8e of this section is to show another me-bliDti of proving 
geometric porposltlons. It is inappropriate to say that one xaethod is superior 
to another. For a particular probl^, one method'H»y be siB5>ler tKan another 
jnethod, but the point here is to increase the diversity of available methods. 
.Usin5>^gctors may be an approach which, though new to many students can be oi* 

msiderable interest to thea. If the teacher (or any student) wishes to ^^^^^ 
'pursue this topic of , vectors applied to geonietry, he isay consult ELen^ptagy ^ 
V^g^o^ Geometry by Seyniour Schuster* 

11^7 A reference to the discussion of Figure 3-8 in Chapter 3 lady help soiae 

students to understand the vector addition perfoam^d in Example Miis 
example is Exercise 13 of the preceding set- 

An application Of vector addition. 

%hieh may interest some students * involves 

the slup around . a closed i^gion. For 

^ ^ 
exaisj>le, a + b + c + d = 0 . One of 

Kirqhhoff ^s IjawB, which is widely used ' 

in dealing with electrical circuits, 

s^Cates^that the sum of the potential 

(voltage) drops around a closed cfrcui't 

is zeru* ' 

t 

1^7 The students* should di$cove? that altering^the directions of any of the 

'vectors in Figure l^-8^ill ^K)t essentially change^ the proof --only some details 
will be modified. The s-^udents encounter sense difflc^ilty, MV^Jf^r, if 
they are careless* in the way thqy label the vectors. For exainple,- iince E 
is the^midi>oint of AD and we chose a* to designate the vector from^A to 
E, the vector from. E to* D is also labeled "a. But If we' used the vector 
froan D to it would be labeled , -a. ^ 

1^ - Example 2 is Exercise 10 of fexerciseB We have suggested to the 

student that tie copy Figure 4-9- We fehould like to emphasize this suggestion. 

We think this will help the student to see that the choice of an origin is 

. ' * .. 

coBipletely arbitrary, and the drawing of the origin- vectors as the proof 

proceeds may aid in visualizing the steps of the proof. , - 

1^9 Example 3 is Exercise l6 6f Exercises -4-2. Note that a particular ^ 

choice of origin, (aided by b prior knowledge of the result) greatly 
eimpXlfies the pVopf . ' 
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^ In solving any sort of problem it is difficult in general* to tell 

beforehand wfiat wiU "work" an* Wfet vill not. S^s ie trtie of the i»re 
icomplicated exercises vhere a particular choice of the roigin may give 

* . Bimp^er calc\£l6tions than occur with another choice. In general., an origin 

should be selected irtiich allows the hypothesis to be expressed sisiply. It , ^ 
should also be chosen .so\hat the nujnber of independent vectors needed is as, 
small as possible. Apart fro© this, exp^ience gained from trial and error 

* is a vHltiable help. If calculations bog down with one choice, i^rhaps another 
choice should be mad^^ However, son^ prtq^ositlons siBiply do not possess short, 
elegant proofs. ^ . ^ 

l^l The centroid of an area or a volume can be defined in mathematical teiros' 

using integral -calculus. Ttie center of gravity of a thin uniform sheet or of 
a uniform mass Is the centroid of the corresponding mathCT^tlcal area or 
itolume. t " ' ^ * 

Riysicaily, the center of gravity of an dbject will always lie _on a 
vertical line through a point o^uspension of .the object. Thus the center 
of gravi-y of a trianj^ar object can also be determined experimentelly by 
suspending it from 2 different iK)ints, say fi vertices,^ and then determining 
where the lines of suspension intersect . ♦ 

151 There may be some mystery suartrouhding the choice of unit vectors in 

ExaB5>le 4. Of course, we alVays* can say, "It works!" Rit we can give a mve 
sound Justificationii The fact that we need an angle bisector could lead 
scaaeone to' think of t*ie diagonals of a lSiJ>iiibus, and the congruent sides of a 
rhombus coul^ lead someone to think of unit vectors. Students (and teachers) 
should not be discouraged if they do not think of things lljsie this; years of 
experience and/or a little luck play a large" part -in these activities. 

153 Exercise? 5 and 6 of Section k-l are the same theor^^ used in'Exampl^ 

' 3 and 1 of Sedition ^-2- These be assigned for purposes of comparing the 

two method^ of - proof . , - 

r 

* Exercises ^3 ^"''^"^ 

(Note: Formal prcK5fs are not) presented here. We merely Indicate the 
essentials of one possible sointi^ for eacK problem.). 
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Let £ be the midpoint of IB. 
We have « + m and 
q o m 4- a j therefore, P = q 
and point bisects 





Consi der *khe diagram at» the left • 

4fe wish to that 0? and , OX 

trisect and that AB passes 

through points of trLsecti^ of OY 
an^ 

0 , _ B . ^ 

Any point on AB can be repres^ted by zA + (l - z)b, O < z < 1, 
Any point on OY can be represented by yY, 0<y<l* ^ 
Anjr point on OX can be represented by xX^ ^ S ^ 5 ^* ^ 
We wish to find values of »x and z such that + (l - z)B = xX. 

But wB'alBO know X -(C + B) and G A 4* B 
so we want zA + (l - z)B = |x(A -f B + .B) 



* zA + (l - z)B = xB 
so we find ^ = ^ 
Thus the intersection is 'at 



2 

" = 3 



We find by similar con^^litatlons that 2£ intersects 0? at ^ + = ^ 
This means OY and- 40X trisect AB ^d a2;§0 that passes through 

points of trisecti,on of and 
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3 • l^lug A as the origin, ^ hate 
|{B ^ C)r \ 

OSie Intersection of B^diaxis BQ 
and OR can be located by finding 
the values of x anol-. y whiMh 
'liblve 



3^ + (I - x)Q = (1 - y)H . 
Sabstiiutdng, we obtain * 

Equating corresponding coefficients, we have 



X - |(1 - yj and y = |{1 - x). 




Figure 



i-' 1 
from which we obtain x = y = . 



This tells us that the intersectia 



of BQ 



I 



and CR is ^{B +. C) , 



which Is a trisection point of eaA of these medians. A trisection 



^;tl> point of AP is 



^ - I • i(B + C) - ki%n^ C> 



3 2' 



1^. 



Rir 



Si^'^^'ffi:!}^? ' the vector 
from C to P Is i 



l^e vectdr from C to A is 

("a - b^), and we'^yish to find 

nfa - b) d , the scalar mltiple 

of it. The vector from - 0, td.j Q , 

isay be expressed as fb + d) or 

as & scalar multiple of th6 vector 

.136 
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r . We therefore. have ^ 

V+ nCa - b) ^ fi(h -f 

• ' . , • y 

r 

Equj^tlng correspondii^ coeff icierfts gives us 

n = 2 and m 5= (1 - n)i 

for th0e e|uationB we find ^ = ^-^-y * Therefore, 

From the' diagram we see' that tte 
vector frcan N to A is 
and the vector frcan M to «B is 
2t - ti. Since d(B,A) = (l(M,B), ^ 
we have |2a - SI »i2S^- a|. 
Using the Xiaw of Cosines, we msiy 
write tht« as 



Xhis equation sliaplif lea to . 




or 



From tjiis we see that ^fa] = 2\h\f and AABC is isosceied. 

ThLe vector proof, of Example 3, Section 4-2, is s<Meirtiat artificial 
^"because of the use of the Law of Cosines. It may he profitahle for the 
students to compare tffls proof with the rectangular coordinate and synthetic 

• r 

proofs appQ^ring in Section U-2 of this conamentary. It can be 'noted that 
applying vectors to equal lengths nay become a\^CWi^d if the vectors are not 
parallel . 



\ 



X 



\ 



6. Sie vector from C to D may 

the vector frcM > ^-may 
be expreas^^s b * a * ^ Ibe ► 
proA^jeC of these two vectoi^ 16 

,„---'(b-, it) 




Since the isoceles triangle has {a| ^ |b|, the vector product i^ 
aAd (pD \L AB . 



7'. Let ABCD be a quadrilateral; l,e,, A, B, C, D ^are distinct- 



M = |(A 4 b) 
P |(C + D) 



N = |(B + C) 
^/|(D + A) 



M, If, P,'^Q 6ire the ndc^oints of "ttie sideig. 

We wish to show iS^ bisects HQ. 

.Points of W: xJ? + (l - x)^ 0 < x < 1 
• '1 ____ _^ ■ — • 

'Points of NQ: + (l _ y)Q . 

Intersection requires that 

xSJ + (l - x)?^y|r + (l ♦ y)Q r-^ 



x(|a + |S) + (1 - x)(ic + |d) = y(|B + JC), + (1 - y)(^ + 
|x'= |(1 - y) and |(l - x) = ^ 



so 



1 

2 



Thus W intersects a point which bisects bo 



A 

V • 



9. 



« - "a • la - "a • b 

Since |t] « / fb|^.- fS]^ = 0 . 



10. 



As in E}ttUi5)le w-iise unit 
vactors- to express(|^e angle 
bisectbf-s. T3ien, taking the 
vector product, we obtain 



a b 
+ 



. it| |b| |b| Ma( 

a • a a • b 



, a • b b * b 



\t\ It I 



11. 





« » 




a 
a 



+ q 



a + b + c 



b,- -2r + p 

^ =^.^ 2q - 



c ^ -2p + 


r 


c -2q - 




2? = -2p - 





p - q = 0 
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k^k. Proofs Ifeing Polar Coordinates. y 

Etolar coordinates lire, not partiWlarly adapted for proving theSr^ of 
the type have heen discussing. The heauty'and usefulness of this form - 
will he more apparent in later chapters. Exercises using polar representation 
are, therefore, deferred. We have included tvo exasg^les to illustrate the 
possihilities for polar coordinates at this point of our progress and to ^ ^ 
set the stage for th^ next section. ' , , ' 



U-5. Ctiolce of Method of Proof . ^ r * 

^ ThlB section, which contains rather specific directions for problaa 
solving, should be carefully read and discussed. Mos^ of the^ Review SserCi0es 
which foimv niay be use^to give the students experience in choosing and 
'foUowing thrcsigh with b<^ particular method. The solutions we present ^are 
^r^ly the *neB which occurred to us; 4ey are not put forth as the only 
ones available or even the best of the mny possibilities. As was^d before, 
any mathsnatioally sound presentation slwuld be acceptable. / 




Reyjyew Exercises 

f 

I ~ ^2 2 

d(B,W) = n2a ^ a) + b 



c 



2. 'Let the fixed points be on the 

X-axis^ as Indicated in the figure. 
^ smltiplying the slopes the 
sides of the angle we have 



y 


» f. 




B 














0 


A =(2 0,0} 



^ — • , — fi — ■• = -1 , 
X - a X + a 

P 2-2 -22 

-X + a , or X + y 
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(0,0) 



d(0,€) + and d{A,B) = JeFT^ 




\ 



Ae(o,0) 



Bie coordinates of B axe (a + Tt),d), 

(d(0,A))2 + (d(A,B)).2 + (d(B^C))2 4. (d(C,G))^ 
= + (b^ + d^) 4 + (b^ + d^) 
= 2(a^ + b^+ d^) ^ 
(d(0,fe))2 -h (d(A,c))^ = (<a + b)2 + d2^+ ((a ^ b)^ + d^) 
= 2{a^ + b^ + d^) . , 



D = (a,0) ; E =x (2a - c^d) ; 
P = (a,2d) .) G = (c,d) - 
From Exerx!ise 10 of Ex^^j^jises 
we know that * !DES^ is a parallel- 
ogram; from Exercise 9 of Exercises 
^-2^ we know that DEPG is a 

rus if Ci^ JL GE- It ie evident 
the coordinates of -the midpoints 
that EF i6 vertical and GE is 
horizontal- 




, A = (2a,0) 



v.- 



D * (lj,a) } E » (a + c,d> . 
It is evident from the coordinates 
that cK , SS , and li • ax» 
horizontal and, hence, p ara l l el */ 
d(0,A) - d(B,C) = 2a - (2to - 2c) 
= 2(a - h cU 
d(D,B) = a + c - b. 



C « I2 fc2d) ' 8» i<2b. 2tf J 




A-UfluO) 




a B 

OJhe vector f«m D to O' is a - b ; the vector frm H to B is ' 
zt^^-t^a ^ t"; h^ce, l5||m '. aaie vector from A to E fl^ 
be repre-sented by (l - x)^ or by y(2? + b). Setting these 

equal we have . 

Equating coefficients results in x = 2y, y - 1 - x . Solving these 
fixations together gives us y = i. ?7he vector fr«n A to F may^ 
represented by x(28) + <1 - x) (a + S) or by y{2a+t). Equating 



these, we obtaliy ^ 3 




to the Vector from C - to A. OonseqUently the perpendicular bisector 
of AC intersects the other tw pe2^endicu2»r bisectors at 0. 




-i. ^ 1 ^ 

Adding, we obtain 2x =^ c + d , or x - ^Cc -i- d) . 



i 




We are given parallelograas ABOO, AEPD, FGCH. 
Define niaiibers d, h Bixcli that B » dX; S «^ 

We vill express everything in tferas (rf d, Xi, %i ^ and asstxa^ all points 
are distinct* ' 

(Hie line througji W contains points ^ (l - x)^ 

V . . or 

T^e line throu^ S5 coataine points yS^ + (l - y)^ • 

or yhC" + (1 - y)(c . ^ 

For these tw llties to intersect, we must have ^ ^ 
4xd + 1 - x)a + (1 - x)^ - (i - y)dA + (yh + 1 - y)C . 

Thus we must haive 

, yh + 1 - y h - Jch 

■Scd + 1 - X = d - yd. V , 
living this system we get, und6r condition that- h ,^ 1 - d, 

/ d - 1 h - 1 

^ y = h -t- d - 1 °- h + d - 1 

vhlch puts the intersection at X such that 

h+d-l h+d-l 



* = h + d - i ^ 



From this we see immedl&tely that X lAes on the Une containing 15 

since A + C = B. - • 

The restriction h 1 - d arises because in life case b =1 - d/we 



get 



1 - d = 



£i which makes the parallelograms similar 



and the diagonals parallel. 
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Since d(A,P) . d(q,BX/ can 
'•l>e represented l^y A + P(S - a). 
and 5 by ,5 + - f) . ^ 
X » A 4- icfS" - t) and X - 
so that 

A + lt(C - a) = qP , 

A + k(A + B -.a) » q(A p(f - A)), 

A -f kB = q(l - p)A + qpB . 

£<Saatlng coefficients^ we have 
1 = q(l - p) and Ic - qpj 
therefore, 




ir 



and X a A + r-* — B . 
» 1 - P 



A sinilar az^^ujsent gives us Y = B + — £ — A . 

1 - p 



Thus, 



X - y = A * 



B - B - 



1 - p " *- 1 - p 
U rrTp)(A-B) 

. ^||aI . 

!Ihe sum of the squares of the y 
l)5B^^i6 of the four sides is 



A 



hence. 



(2b,2(l) 




(20,0) 



(2a)^ + (2b -^a)^ + {2d)^ + (2b - 2c)^ + (2d - 2e)^ + (Sc)^' + (2^)^ 

= 8a^ + 8b^ + 8c^ + 8d^ -rtje^ - 8ab - 8bc - 8de . 
The sum of the siquares of the len^hs of the diagonals is 

.2 . ,^,^2 . si x2 . ,2 



(2b)' + (2d)^ + (2c - 2a)'' + (2e)' 
= Im^ + ^ + ht? + hi- + Ife^ - Sac . 



Subtracting these sums, we obtain. 



Im*" + + J+c" + + Ite^ + 8ac - 8ab - 8bc - 8de 
2 . , 2 . 2 . ,2 



2 . ,.^2 ,2 , ,2 
= + b'^ + c'' + d'' + + 2ac - 2ab - 2bc - 2de) . 

ft 

The square of the length of the line segment Joining the midpoints of the 
diagonals is ^ ■ ^ ' 

(a + c - b) + (e - d) = a + b + c + d + e + Sac - 2ab - 2bc - 2de . 



I 



We select coorflinate© for the 
two rocks and the tree as shown 
in the diagram. After mardtiing 
the required distances and directions 
froaa the rocks, the positions 
and Pg ^are located. The 

midpoint of Pj^Pg is (|i |) i 

therefore, the btiried treasure is' 
located at the center of the square 
whose side is determined by the two 
rocks. (The location of the ttee ^ 
is unijjqoortant . ) 
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Chapter 5 • 

. s . / 

. CaiAIBS AND miR BftUAIPIOlS **" 

The mateifial'cf thi3 chapter starts with fainlliar content including Bfixdi 
"tiiat has been encountered in earlier courses. ' The treatment is broader and 
deeper 'here than? before. It is broader because ve nov have analytic "repre- 
sentations in rectangular, polar, vector, and parametric' forms. It ^s deeper, 
because ve take account of soin3 troublesome ^tails and special cases that 
are not adequately ti»eated on. a more. elemen:bary ^.evel. The vork is conse- . 
iluently a bit more difficult, but also more rewarding. * 

We call particular attention to the* treatment of related polar equations, 
and of paths, as distinguished from curves. Neither^treWment is met in a 
traditional first course in analytic geometry, but we feel that they illumi- 
nate some significant mefthematic'al content that is appropriate to tpis work* 

Thete are many" exexrci^es, but, as baa been mentioned befe 
they 'n^ed not cU-l be assigned • We^ particularly urge the teache 
a view]^int we recommended to students. ^ Stress the dynamic a^ect 
relationship between geometry and algebra^ Some appropriate questions here 
are, "Wiat would be the 'effect in^the grajto if we cfcanged this 5 to -5?"j 
"What change would we have to make in the equation If we wanted^ to raise the 
graph 3 units?; if we wanted a larger . circle?; if we wanted Qnly the portion 
in the first quadrant?";^ "What kind of graphs would we get If we replaced this 
6 by a va:^lable m , and then' took larger and larger^ values of m 




J 



Exercl^jbs ^-2 




* , 2 2 

3. y = X and y = -x ; or x = y 

2 2 
y = t 2x ; or y ^ kx 

2^22 
6. (x - 3)^ + (y ^ 2)^ = 150 



9; V5jx + y - 2| = -^jx + 2y + 2j ; or, , ' » ■ 

(1^ +V§)x + (Vf + 2i^)y - gi^ + = 0 , and - , 

10. y^.,= 8jf . ' . • 

11. If P = U,y) -is a iwint <rf the locus, then ^istance from P to the 
line is'-l^S-ii-t^, , and from /p to tlie ptoint (8,0) is • 

Vix -2)^ + (y + 1)^ V The s^J^ement^of equality of these tw> distances 
' • yields^ our equation: - W - aSx + $ir + 21 = 0 • 

12;. + a^y^ = 225 

13. '^1^*^ - 9y2 = ^3 

lU. I8x^ + 'U8xy + 7y^ ^. 156x - 6%* + 1U2 = ' ' " • 

'15. -^x - 6y + 17 = 0 • 

16. ({X . * (y - y^)^- - -2)' - <y^- ^2^') = '.^ > 0; - - 

17. -3 <y < 3/ * . ' ^ 

18. x^ + y > 25 

19; <"x^ 1 , ^ 

■ 20. (x - 1)2 + (y - 3)^. < , or. x^ .+ y2 2x ^ 6 5 0 

2i.-V>i ■ ■ \ ; 

g2. + 85* > l'^ * ^ 



•V ' p 

" ' 23. X < 100 - eox , 

. ^h, -6 < X < 6 } or |xl < 6 

' ' 25. x^ < (8.08)^ ; or x^ + y^ < 65.2864 
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5t3. Fairametrlc R^resentation ^ 

• ' ' ' ^ ^. 

The content 8^ treatanent o^the mterial tti th|.s section are closely 
related tb the^jdiysical and sfcientlflc applications that pupils vill m^t in 
oth«^ "cla^^s and in later vork. Science teachers ^n the school should be 
shovn this section, and their coopCTation solicited in devising laboratory 
experiments along the lines suggested. 



1. 



2. 



Exercises 



t 


0 


1 


2 


3 




5 


6 : 


. 7 


, 8 


9 


H) 


X 


0 


. 2 


. 8 


18 


32 


50 


72 


98 


128 


162 


200 




0 


3, 


3,2 


27 


1^ ■ 


75 


108 




f 

192 


-21*3 


300 



t 


0 . 


1 


2 


3 


k 


5 


6 


1 — 

1 


8 


9 . 


10 


X 


0 • 


176 


352 


528 


10k 


880 




1232 


1408 


1581^ 


1760 


y 


0 


16 


6k 


Ikk 


256 


too 


576 


781* 


1021* 


129^ 


.16(XD 



3. 
1*. 



/ X = 5t , 
iy = 2 . 

V 

f X = -6 
ly 



2t . 



X .3t , . ' 

y = .Itt . , • ■ , 

X = -6 + It, 

y = 1 . y t . ; 

ELiminatitig the parameter gives y = x • With the usual placement of 
the axes this means thtit the iK>int, starts from rest at the origin and 
moves steadily to the right as it mov.es mora, and more rapidly upvard. 
Its path is along a parabola vhose vertex is at the origin and which is 
concave upvard. Since we assume' t > 0 , the point travels on only the 
right half of the parabola. 25.9 units. 
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8. For the line Ifx - 3y + 2 = 0 we have direction nu^ers for the normal, 
(4^-3) . Therefore ve B»y take direction nuri^ei's for the line as either 
(3,^) 9 or (-3,-^f)» Since too Sense of direction along the line is 
specified we most c^psider' hoth. If we use direction consines thaa the 
displacen^it along the line will be one unit for each unit interval of 
the parameter t . Since the given r^te is 10 units per seccmd we 
tmift t. now take direction powers ten times the direction cosines, i#e#, 

^10{^)'^10(^)) . Since the point goes throu^ (1,2) at the time \*en 

t = 3 , the elapsed tin^ after that is li^icated by t - 3 . We have. 
In the first ceise, therefore, 

X = -17 + 6t , 
y = .22''+ 8t J 

% 

y = 26 - 8t . 



{X = 1^+ 
y = 2 + 



lU'6(t 
S(t 



3) , 
3) ; 



or^ 



and in the second case. 



{; 



- In the flrtt case, when t - 0 the i«)Bitlon is (-17,-22) , and when 
' t =n 10 the ^sltion is ( 1*^3^58) In the Second case, when^ t « 0 the 
position is 1^19, 26 > , and when t = 10 the positiofl is (-M,-?^) . 

9. Refer to the solution of (8) ahove. 



y = 0 



3 +-15t , 

10. . 



or 



X = 3 



.^t 

o.^t 



167^ -Assume^ \^ > t^ . .Direction nunfcers for the line are (c - a , d - b) , 

c - a <- d - b - 

and direction cosines 



/(c - a)F + (d - b)^ /(c - af ^ (d - b)^ 

Vfc - a)^ ^ (d - b)^ 



The velocity of the point along the line is 

"1 "0 

and this is the factor by which we mat multiply the direction- coi^nes iSO 
that unit intervals pf the parameter t correspond properly to dis- 
placements along the line. Since the j^lnt goes through (a,b) at time 
tp indicate with Qur partoeter t the elapsed time since then, 

t - t^ . Therefore we have 'the parametric equations^ 
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X B a 



/(c - a)^ -f (d - b)' 



(t - t^) , 



y • t> + -5rr 



d I) 



c - a)*" + Cd - b) 



These fonBldrt)le equaticfns become: 



« = a + / I t - t ) , 



b + 



-it - t,) . 



1 



> 'You may easily verify from^hese equations tihat t?hen -t 
tion is (a^b), and Uhex^ t ^ the position is (c,d) 



= t^ tlie posi-^ 



: 11. Assume t in seconds. The point mov^^Trom tJie point (l,0) to the 

point (-1,0) and*^aak again, making a round trip in 2tf second^u It 
starts from rest, at \^1,0) increases its speed until it reaves the 
origin, then slows down until it comes to rest momentarily at (-1,0) , 
then reverses the process endlessly. Its maximum speed occtirs each time 
at the origin. {"By methods of '^e calculus this nskximum speed can be 
shown to be one unit per second at that instant. ) Such motion Lp call^ 
a "simple harmonic motion" and has H»ny jSvysical apjallcationip y 





0 




2 


3 


l^ 


5 


r* ] 

6 


7 


8 


9 


10 


X 


1 


.5^ 


-.^18 


-.990 


-.6f^ 




.9^1 


.752 


-.150 


-.913 


-.836 



At the end of one minute t 60 , and Table II does not give cbrrespohd- 

\x% values for cos t . We use the\if^t that coa<<t is periodic^ of 

period at . (These flatters will be developed-'^nrther in the next 
chapter. ) * ^ 

We express 60 as a multiple of it and a r^ainder less than % , 
which we find by dividing ^ by^-a suitable decimal equivalent of ir * 
Tables I and U gure given ccfrrect to three significant figures and 
a careless student nay then take 3.1^4- as a proper equ'ivalent of n . 
However, any inaccuracy in this aiiproxlmatlon wfll be multiplied by a 
factor of about 20 and iHll give us a seriously inaecunrte answer. 

It is not our intention to en^r^^into an extendi discussion of 
significant figures and accuracy of computation, but in this exercise 
we caution that we must choose an appropriate approximation of jt . 
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We assufee t = 6q =J^.0£XX) , and- use n - S.l'^lS and obtain 
60.0000 = 19n + .3096 , vhich ve write briefly^ 60 = 19« + .31O . 
Therefore cos 60 = cos(l9n + .310K*7- <^o® -310 ^ - .952 . 

In the same way we assume t for one hour to equal 36CX).0OO0(X)0' v 
not 3600 *, and thep take tiie proper approximtlon, it » 3#1^1593 • Tbd^^; 
3600,0000000 « 11^5it + 2.876015. , or 3600*0000000 » llU6jt - .285578 , . 
which we write more briefly as 36OO = ll46jt - .266 . Thus 
cos 3600 = cos(lllt6n, - = cos(-.286) = cos ^ .959 . 

You need not belabg?; the details of approximate computation, but 
this is a good place to lihow the. need for a proper approximation for n . 
It.' is cfcifififf a good place to ^^w that when we are working wl*h measure- 
ments and we add zeros to th*i^»%ividend in division we are assuming more 
^.^.^nd^^re accuracy in its determination. A nw^ureaaent of 10. inches la 
less accurate than one of 10.0 Inches which is in turn Ipas eSccurcyte 
than a measurement of 10.00 inches. We pia-fcicularl^ warn against the 
" error of dividing a 10 inch length into three equal parts and writing 
the length of one part as 3-3333»'#«« inches! 

The nation could be that of an object dropped from an altitude of^ ^ 
fee^ in which case we assume no air. resistance, and €t value of feet 
per second per second as the acceleration due to gravity* A value of y 
represents the ''altitude, in feet^' "above the surface of the earth, at 'r 
corresponding time t , in 8econ(fs after the instant of release. The 
change 'Of sign 'Of y In the intOf^fal t = ^ to t - 6 can be inter- 
preted to mean that the object/rfeaches the surface of the earth in that 
interval. The negative values of y afterwards would indicate tiie depth 
below the surface, if the fall continued down a vertical s^iaft. 



t 


•\o> 

■ 


1 


2 


3' 


k 


5 


6 


. 7 


8 


■9i 


10 




500 


m 


U36 


356 


2kk 


105 


-76 


-m 




-796 


-uoo 



(Refer to the solution of Exercise 12) This equation could represent 
the motion of^aa object hurled upward at 6i^..feet per second from an 
altitude of 120 feet. 



, t 


0 


1 


2 


■ 3 


k 


5 


■ 6 


7 


8 


9 


I® 


y 


120 


168 


18I1 


168 


120 


1^ 


-72 


-216 


-392 


-600 


-8J*0 
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15. 

\ 

16. 



(Refer to the solution of Exercise II.) Ibis equ;&tlon could describe a 
aiii9le harmnlc notxtei these conditiox^s !Ibe<point starts from a 



position of rest at th& 



h oilusin; 



a 



aoves^ in the next seconds, tq its 



farthest right position at ik^O) idxere it halts moffiqitarily and re* 
versed direction to oove to itjQi farOlest left position at (-4,0) , 



arriving there in an additional seconds. 



It accelerates from {k^O) 
to thd origin \Aier^ 4t attains its maxiimun velocity, thai decelerates 
fropi the origin to ('^,0) , and so on makipg a roujid trlp^ ft secondft^ 
Such equations of motions occur in the study of vibratic^, and of varia-* 
tions of an alternating cuxrait. . « 



t 


0 


1 


2 


' 3 


k 


5 


6 


« 


^ 8 


9 


10 


X 


0 


3.636 


-3.032 




3.9^ 


-2.19? 




3.86Jt 


-1.18^ 


-2.990 


3.668 



X 



(Refer tQ the solution of Exerciise 11.) Tike point m>v sl&rts from 
(1/0) and moves to (3^0) and back, as before, ,^ad.Qg the round ti^ip 
in 2it sec^ds. 

We met assume they start at th@ sassa-^^^^^^^ ii^^^ich case the' 
variably t has the same interpre;tatlon in both, equations. Therefore 
cos. t , from vKich we get cOp t = 1, and t =? 0 , ^ , ^kc 



cos t = a^- 



these values of % , x 1^ , thcsref ore the. points start 



together at (1,0) aSd rendezvous there every 2n aaconds thereafter; 



5-4. Par^ g ^ric Equations of th e Circle and the Elli| )se. • > 

Focal phenomena are familiar Enough to ^giysics, but it is Interesting \ 
ttf see hov the isi^sociated imthematical analysis can ^be"" used in othe|t sltUa- 
tions* Authors iti recent publications have applied tfiese concepts in such 
areas as: epidanioiogy, to study '^e spread and control of disease; demo- 
graphy, to study the distributions of g^ups of people; *bacterlolofi^, to 
study the spread or control of bacterial grovthj communication theory, to 
study the distribution of "lnformation'% and so on. Wej!?Leave these^for later 
years, and concern ourselves now with the slngjlesf and m>Bt natural of the 
iQ)plications of parametric equations of the circle, that Is, circula^r paths* 



Ibe teacher is urged 'to make a^lBiple 
viBual edd: The essential features are 
tvo movable radii OA and OB, raoujated 
on a p^nej of sj^table size. Two students 
can liien give Independemt wtions to joints 
on the rim of the circle. This nK>del will 
b4^particularly useful vhen jrou get to 
prObleiM of "noting" or 'feye^taking" . 
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Exercises p^k 



{ 



assume t in seconds. A cl9ckvise rotatiwi neans that as t in- 
creases froffl .0 , 8 decreases from 0 , and in this case a rate of k 
rps^ gives the angular displj^peient, -8st . The equations are ' 

x'S^i-O C08(-8jtt) , 

y ario sin(-8st) . . 

Consider x = a co8{b + usfc) . Since the radius % 6 inches, then 
a = 6 arid we are committed to Inches as the measure 6f j . 

. Sftice the numbers d and 60 are assigned to the 12 t)«clock"*posi- 
tlon the -units of rotation in this problem are Intended to be adhutes. 
The angular position of any point on the rlifi can be given in terms- of . 
these m-u«lts, measured from the 12 o'clock positioh, or in terms of the 
0 , in radian units frfim the polar axis. .Thus the 2 o'clock posi- 
tion can* be described by ■ m = ICh, and also by 0 = | . Since -ve rotate 
clockvise at the rate of one rp^iation In 60 minuies we have (D , the 
directed rate of angular displacement, equal to 1 m-unit per minutte, 

or radians per'minutes. . . ' 

If m the equation x = a cos(b + ojt) ' we^use radian uA^ts for b 
ve haVe b":^' - , since we start from the 12 o'clock position. Finally, 
since we are asked for £he, path during one hour, we take < t < 60 . 
The result of all this di^c{i88ion is the following p^ir of iequations: 



X = 6 cos(| - ^t) , 
y = 6 sin(| - -^t) , 



0 < t < 0 



t is the time In minutes, x and y are in inches, and the an#le is 
measured as usual ^in radians, counterclockwise from the polar axis. 

1^ 
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J 3c If + 3 COS 6 , 
* y * 3 ^in 6 • 



<4 ^ . 



5« i X ^ k cos 9 , 



■ { 



y t= 6 4t > slo B , 



6. (X = 4 + 3 cos{- I - Jwt), . - 

(y » 3.8ln(* I - Unt) . ^ 
Note: These equations supply, iofortaation about*^e starting position 
(- ^) , and the direction and speed of rotation i-hn) , but for pM^JJoses 
of coBg>utation they nay be replaced, by the equivalent equations ^ , 

JX = 4 + C08(| + iwt) , 
y = -3 8in(|,.+ U5t) . 

These latter equations shqjf that the patfi of the point P of 

>. * > 

-Exercise 6 is the reflection in the x^SsXis of the path of the point 

P* vbose equations are 

. . X* = U + cos(| + knt) , 

1 y» =3 sin(|jli+ ktit) . , 
i ■ ' ■ / .• ■ 

. "nie poiijt P* starts at the highest point of its path and moves counter- 

clddkwlse, as we should exp^bt the reflected point to do. 

?• f X 4 cos(| + 6jrt) , ' ^ ^ ' . - 

y - 6 + U sin(| + 6jTt) . 

8. The point inoves aro&nd a oircle vhose center Is the origin and whose/^ 
radius i^ h , The point starts .frtMn the 3 o'clock irosltion^ |md move6 



countercloclfivlse &t the rate,, of 3*otatlon per second. 

'I 



9. The point moves suround a circle \^ose ^renter is the origin an^ vhose 
radius is 6 , It starts from the 12 o'clock position and moves clock- 

1 

wise at the rate of rps. ^ ^ 

Mote; Xii Solutions 10-16 the paths are all 'circular, and ve shall 
condense the information \Aich could be vritten out in full as In ^ (ff) and 
(9) above. 
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10. Clrclej center, originj r - 8 ; start, 9 o'clock position; direction. 



clockylsei jriat e,f | rps . 



li; Circle; c^ef» origin; r » 10 ; start, 6 o'clock position; direction. 



12. 

13. 

Ih. 



15. 



16. 



17. 



count erclockvlse; rate, 5 rps. 

Circle; . center, (U,0) ; radius, 1 ; start, 3 o'clock position; direc- 
tion, ,c<M»nterclockwlse; rate, 3 rps. 

Circlej center, (0,-3) I radius, 1 ; start, 3 o'clock positioa; direc- 
tion, counterclpckVlse; rate, k rps. 

Circle; center, 4(2,5) ; radius^ .1 ; start, 3 o^Usk position; direc- 
tion, counterclockwise; rate, 6 rps, ' ^ 

Circle; center, (rf,c) ; radius^ b ; start, 3 o'clock position; direc- 
tion, counterclockwisej rate,^ 1 rps. ' % 

CirdejL. center, (p,r) ; V^ius q ; start, at the angulW position 
- a on the circle; direction, counterclockwise if , n < 0 , no notion 
at all if n=0 ;'rate, n rps. 

(a) pircle; center, orlgl^; radius, 6 ; start, 3 o'clock position; 
direction, countetclotekvise; r^te, 2 rps. 





t 


0 


0.1 


0.2 


P.3 


O.k 


0.5 


0.6 


0.7 


0.8 


0.9 


1.0 




X 


6.00 


1.81* 




-It. 88 




6.00 


1.81* 


-ii^.88 


-i*.88 


1.81* 


6.00 




y . 


0 


5.71 


3f9 


-3.1*9 


-5.71 


0 


5.71 


3.1*9 


-3.1*9 


-5.71 

. .- ii 


*0 



,.(c) j X = 6 cos(| ^Ultt) ^ 

' . ■ j . ■ 

(d) = 6 co^ -2rtt) , • » . ' '. - 

= 6 slh(-att) . ' ■ 

(e) Since thp , first and third points nwve in opposite airestions, they 
vill meet vhen the sum of their angular displacewents equals their 
original separatiop, and, after that, vhen their additional angular 
displacements add to an integral wiitlple of 2« - That is, 

2Rt + l*«t = 0 , since thqr start together, fipm vhich t = 0 , and 
thrpoints are at (6,0) . After that, Sit + lutt = at , W " , 6rt , 

that is, t = i , I , 1 H^-'- • together, 
and meet every. | second thereafter. The corresponding points^ 

(6,0) , (-3,-5.196) , (-3,5.196) , (6,0) , (-3,-5.196) , r. 
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•0 'l *■• 



9^' 



(f) As' In the ;^«Ylou#pArt^ ve ,the ai^ular ^s|a.ac«iiexitSf and find 
tbe first meeting, point vhen tbls sum l9 equal to their original 

angular s^aratlon: that Is, when 2s t 4' Wt <=> ^ . I^ua they oeeti 



first i^en * » ^ » at the pblnt ' (5.196,-3)f- Then we find, as 
above, ti|«ir subsequent meetings tylie place e«;e 



second « vhlch 



should be escpected, since the flr^ and secoQd'''^poljBtB are graveling 
« at the same rate, ^^he ^etlngs tl^efore take place ylassxx *^ 



* = 4 ' i ' ' li'' (5.196,-3) (-5-196,-3) , (6,0) , 



(^.196,-3) , ... . 



18. . (a) 



A: 



4 * 



B: 



cos(|«-|itt) 

y at 5in(^«-^st)>. 

X = — cosC^n^-gtft) , 

' 1 , ,11 ' 1 
y = sln(-g-« - ^jr t) . 

■'1 - ,\ 2 .X 



\ 




^(br) A: When t = 0 , 3 ,.6 , 9 , position is. (- , - z^^) ; 

When t = 1 j'U , 7 , 10 , position is (O,-^) ; y 

-P. \ ^ 
When ►t = 2 , ^ , 8 , position la (ifj * - •5;fX • 

, U , 8 , position is (^*- ^) ; -.^^ 
1,5,9, position is (- - J 

When t = 2 , 6 , lb , position is (-^^7^) ; 

^ • When t = 3 i 7 , position is (-^ , ^) . ■ 

^: When t = 0 , 5 10 , position is (b,.159) ; /r 

'' ' \ When t = 1 , 6 , position is (-.I5I , .049) j 

\ WWih t tf 2 , 7 , position is (-.09!^,, -.129) J 

When t « 3 ,- 8 , position is (.09^t , -.129) ; 

V When t =.lf , 9 , position is (;151, .PU9) ; 
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(c) By the B»tliOda of the solution of Escereise 17 we find; *■ 

(1) A and C meet i&en t = .625 / at (-.112, .U2) } 

(2) B and C meet vhei t = l.USO , at (^152, -.04^) ; . 

(3) A and C meet vhen t = 2.^ , at (Oj -.152) S 
ik) B and C meSt when t - 3-700 , at ( .I59 ,:--008) i 
(5) A and C meet \*ien t « It. 375 , at ('lis, .112) . 

(pi) By the lae-BKHls already referred to ve find that A and C meet In^ 

^ seconds and evfery seconds thereafter. ,Thst Is, their 

^meetings take place at times t «= ^ + , vhere p is a positive 

ko 

• integer. In the same vay, we find that B eaid C meet in ^ ^ 
seconds a^d every seconds thereafter, Hiat is, the B and C 
^ meetings take place vhen t = + , «iere q is a positive 

integer. If A , B , and C, are all to meet, there imist he a time 
at vhich the A ^ C , and the B , Q meetings occur simultaneously. 
That is, there must be positive integral values of p and q such 
that B ■*" ¥p " § ' '^^^ equation is e<|uiyalent to 

8lp - 96^ =,37 i In this equation/ howi^er, th^ left riwmber^ is 
■ fevenly divisible hy 3* but the right meiier is VnOt, therefore 

there can be no iftt^ai values of p and q t<^ satisfy it. There 
fore there can be no common i^eting of A , B , and C . 

Since the points move in reflected paths with respect to the y-axia', 
the second point -muyt start from the position symmetrfb to A , that is, 
at (-5t,0) , SAiere/the angular displacement from A is. $ Therefore 
the equations faf the secfnd point are * ' 

/ X = r cos(rt - hitt) , ' ^ 

\y = r*Mn(jt - hut) . 

(a) Assume a unit circle, time in seconds, and angular velocit^r In 

radians per secor^. The 10 o'clock position, T , has an angular ^ 

displacsnent of ^ . Since point 

. P arrives at i)Osition T in IQ. 
seconds, its angulas velocity is 

^ or ' -^^ ^ 
angular velocities of Q , R, and 
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^erefore, as. lSefore> the equations of a»tion aret 



■■I 



x?.« cos ^t , 
y " «in t . 



R: 



S:.. 



jx = cos(| +|5t">,- 
'y = sln(| ) . 

; X = coB(a - -^ t ) , 
y = sin(jt - Jrt ) . 



{b) 3y the methods of the^ solution of the previous exercise ye find 

that, the .meetir^s of the following pairs take place at, the indicated 
tikes ^tAere a , b , c , fl , are jKJsiJbive integers): 

Q and R , irtien t^ = 10 40a ; 

^. * Q and S , when t2,= 10+»20b V ^ 

/ E and R , ^en t^ = 10 + §£|s?"T ^ 

P and S , vh^ ^,-i|^- lo + ~'d , ' ^ , 

We verify that--^«K^ a ^ b , c , d are all zero, the values of 
9 t^% t|^ , are all equal to 10 , as required by tjie 

statement of the problem. If th^re Is to be a simultaneous meeting 
at another time - ^there must be values of a , b , c , d other than 
zero for •^^Icnsihese^ times are equal. Clearly, if we take d ^ 3 
^ or any multiple of 3, we can- find such values. When d = 3 thefi 
^^ s=r. 10 + 50 , Successive multiples of 3 as values of d 

give values of . t^ : 10 , 50 , 9O ^ 13O , . . . , and these are 

clearly possible values of t^ , t^ , ana t^ , also. That is, the 

simultaneous meetings take placf every kO seconds after the first 
such meeting. The angular positions of these meetings are found to 
.J 5tt 25n l^n 13Qn 



< 



1 52 



5-5 



Questions of meeting or overtaking on circular paths are related to * 
iJ3^)o^tant problons in space e^loratioh./ Consider the complications that 
arise: the paths in space are not circular but essentially elliptical; ihe 
paths are* not alone ^he same ellipse, and the different ellipses are not 
usually in the same plane, so that we must not consider the meeting points 
(they voul'd be catastrophic)^ buV the points^of nearest approach; the veloci- 
ties 'along these paths are not uniform but variable in very congplicated ways* 
The solutions to the exercises in* our text are essential first steps in ^ 
arriving at the level of ability needed to solve the difficult problems of 
astrogationthat arise in space travel. . \ 



L 



5-5^ Paraa^tric Equations of the Cycloid . ■ » 

The physical application^ 'of the cycloid are interesting indeea but 
their analysis is beyond the scope of thia^-^efOKT^tudents who' are interested 
in photography can make photographs of a, cycloid by takihg^a fli!»-^xpoipure of 
a flashlight attached to an autonK^bile wheel as it rolls along the rol 

We give another derivation of the equations of the cycloid which usi 
Oxe idea.pf a transformation of coordinates* You 'may wish tp leave this 
derivation until you have reached the more complete treatment of tj^ansfonna- 
tion in Chapter 10,' 
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Since cI{0,T) * length of Pf ^afi , ttie coordinates of the center of 



the ciMle are (a8,a) . We take thi^ j^Dlnt as prlgln of an x*- , y*-.ccK)ri 
nate syst^, hence P <= (x,y) becomes 



where 



I y = y 

',,•*•■•'.• ' ■ 
But in thip ne}^ cQordimite System ^ 



+ « . 



j x' = a cos $ , 



a sin $ 



7 



Since $ 



therefore 



-^•-^ 6 ve have 



cos I = -sin Q and itfi^i ^ = -cos 0 , 

- V X* =i -a sin 6 , ' 
. V y« = -^a cos 0 , 



Therefore^ finally. 



1. 



X = -a sin 0 4- ae , 
y =i -.a cos e + a j 



or 



X =s a(e - sin ©) , 

y = a(l - cos 




Exearclses 



The intervals siAggested Indicate degree measiar.e, -hftt it vould be an 
erirgr to use these measUreg in the equa|^lons above, since the equations 
were derived on the basts of radian measure for -Q • ir^ revise the 
formulas to suit degre^ meafl^ure, or convert; the int/^als to radian , 
measurer * The latter procedure is the easier and the*^ne ve follov. 



& degrees 


0 


3^ 


60 


90 


120 


150 


].8o 


210 


.21^3, 


270 


'300 


33b 


3& 


Q Ta^lans 


•0 


Z 


It 
3 




at 
3 




n 


7« 




3« 

.2 


3 


llrt 

~r- 


* 

2jf 


X 


0 


* 6 


.2 


.6 


1.2 


2-1 


3.1 


1».2 


5.1 


5.7 


6.1 


6.3 


6.3 


y 


0 


.1 


.5 


— 1 


1.5 


1.9 


2.0 


1.9 


.1.5 


1.0 


.5 


,1 


0 
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The values of x and are computed to the nearest t^th, ' and 
the gr^*i is sketcl^ed below. - . . ' 




!5he height of the rectangle is the diameter of the gepet-ating circle 
vhose radius is theVefore equal to 3 • .The base of the rectangle is 
4s aong as the circumference of that circle ai^ is therefore 6ft . The . 
equations of the cycloid are 

/X - 3((j> ' Bin 0) / 
1 y = 3(1 - cos . 



Ve.have a = 3 inches, and equations^ for the graph, 

• / X = 3(4> - sin 0) , 
\ y = 3(1 - cos 0) . ' . 

The angular velocity is given as k rps ^^Aiich wseatk that o) = . 
radians per second* Since 9 - ast the equations above becoine ^ 



X =^3(55ft - sin 8jtt). , - 
y = 3(1 - cos 8nt) . 



t 


.1 


-2 


■ .3 




.5 


X 


5.77 


17:93 


19.75 


28.38 


37.68 




5.^2 


2.08 


2.08 


^.k2 


0 



To coflipute these va;Lue6 we had to find functions ^of angles -whose 
radian measures exceeded I.60 , which is as far as our Table. II goes. 
We must use the procedure expa^ainad in the solution to Exercise 5-3, 
Hunger II. Thus sin s±n 2.5I =.sin(it - 2.51) =^ sin .63 e ^589 , 

and so on. , ■ 



reach its first high point at the end of the first half turn 

1 



•which will occur' at ,\he end of the first ^ second. When t 
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(a) AXl cycloids Jiave the same shape, therefore an accurate scale 

drawing requires any^ carefully dro^w cycloid and a piroperly chosen 
scale. The vidth of one arch ie 2}fa , and the height is 2a , 
vhere a is the radius of the generating circle. In this case the 
base line represents 66 inches, or 2jta ^ Therefore , 

a - 10-| inches. We suggest a scale of 1:12 vhlch means that 



the dravli^ should be ^ 



Inches across and l<jr inches high/ 




I X inchM 
4 



5 2* Inches 



(b) We have 



I X = a($ - sin $) , 
1 y = a(l - cos 0) ; 



a=10g . 



We Anist correct" the linear rate of 30 aph into an angular rate 
of rotation for a wheel y±th 66 Inch circumference. A rate of 

30 nrph = 3 . 2 * ^.^^ * inches per- minute = rotations per 



minute 



- 2st radians per minute* Kief ef ore a> = '^C'^ ■ n and 

9 ^ ^^^^ nt . Finally we have the equations of motion with values 
for X and y in inches, and t in miriutess 

.■f(ig«2„t..lni2|6S,t), 

<x - =0. ig* . .. . . 



105^ 



You may wish to present the following "parade?" and solicit eijplanations 
from the class: * ^^-v 







B 



A ■ 



Si^pose a nickel ana a dime are firmly attached concentrically, and the 
^icke/is rolled one full turn without slipping along the line AB . Then" 
d(A,BO Is the circumference of the nickel and since d(A,B) '= d(P,Q) the 
circujnferenceB are equal. ^fcren*t they? J 

Answer. (Don»t tell the class too soon.) Of course the circumferences 
are not equsa. If the nickel doesn't Slip along 7S then the dime must slip 
along PQ . ■* 

Challenge Exercises for Sections ^-3. 

1. From Figure 5-13, since d(0,G) = length of FG = a4. , the cobrftln^^ 
of C are (a4»,a) . Tf P - (x,y) is a point of the locus, then 

^ . ' 

/ X = a4) - h sin (j) , . 

. I y = a - b 'c(^8 (J) . 

A . • 

In Figure 5-lU the point Q less coordinates (0,k) . To find k 
.Ve first find ' <t> from 0 - 6 sin * . can do this only ^proxi- 

mately, from the tables and the fact that sin * = |(D . From Table II 
we have sin 1.^0 = 0.99Y and sin iM = 0.996 . A reasonable estimate 
gives 4| «• 1.50 , within the limits of accuracy of this t^le. Therefore 
K - U - 6 COS. 1.50 or k - 6(0.071) . .-. Q = (0,3-57) ^ 4% 
As b gets larger In comparison with a the lower loops get 
■ relatively larger, and the graph looks as if it were being compressed 
horizontally.- The lower loops will intesect and overlap and the graph 
will look more and more like a plane projection of a tight helical spring, 
or like an elaborate doodle. 

2. This drawing should make clear 
the relations: 

/ X - (3(0,0"^ - b sin <rs , 
I y =r a - b cos 0 • 

ft 

The equations for tWs curtate 
eye] Did are exactly thi^ uame as 
I those for the prolate cycloid, 

/x a4).*hsln{jj, 
I y : a - b cos 0 • 
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The distinguishing feature for their jgraifiis is in the relative 

4 

sizes of a and b ^ as indicated in the text* • 



\ 



y 








.a 












1 
1 

.1 . 


1 (2ay,|i-b) 








2o» 



* ■ * 

(Refer tcte Figure 5-15 in the textj Since length of AB = leiigth of BP 
We have a* = be . Also^- C = Ua + b) cos B ^ (a + b) sin 6^ . If 
P = (x,y) la a point of tlie locus then 



I 



^ = d(0,E) d(P,D) = (a + b) cos B - ^in ^ , 



y = d(C,E) - d(C,D) = (a + b)i sin 6 - a cos ^ . 
Since e + (^ + ^ = ^ we have siX^ s= cos{e + 0) , and 
cos ^ = sin(0 + 0) , thus ve may §limi«[te from the equations above 



and vrite 



X = (a + b). cos e - a cosC^ , 



{ y = (a + b) sin S - a sin(0 0) . 

Finally, since 0 = ^0 we isay elisdnate 0 from the equations above 

' a ■> 



.and get 



IX = (a + b) coa 6 - a 000(6 i - 9 
a 
y = (a + b) 6in e - 9 Bin(e + ) • 

These are usually written • 

* * a ^ b 

J X = (a + b) cos e - a cosC — ^ , 

/ y = (a f b) sin e - a sln( ^ ^ S) . 



s J 
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\ 



The analysis here la clos«ljr^ related to that of the previous solution. 
We furnish a diagram e^S essential st^s only. 

a^ « h9 . 

. * + * - e.= I 

d(P,D) = a sin , 
d(C,D) = a cos lit' . 
P ^ (x,y) 
>/ 

X = (b - a) cos e + a sin 4' f 
"y si (b - a) sin © - a cos iff . 

X = (b -r a) cos 9 4a cos ^-^ ^ 6^ , 
' y 3. (b - b) sin e - a 8in(~-2 > 



6 





Symnietrlc in y-axls 0 < y < 2a , x covers all reals asys^toUc td 
x-axls, tangent to y 2a . To get the analytic representation,^ connect 
points L , A - Draw E6 to the x-axis. Then in (/SOD 
(/sod) = 9 = nK/DAO) ; y d(D,S) y d(0,D), sin 6 ; d(0,D) = 2a sin 9 . 

Therefore, y =^ 2a sin^e . Also x 2a cot 9 . These are parametric 
equations for the graph, 

. X - 2a cot 9 , 

. ^ y ^ 2a sin 6 • 

ak) eliminate the par^neter we may square both members of the first 
equation and then combine with the ^lecond to. obtain eventually, 



x'y ^ Ua'"(2a - y) , or y 



8a- 



2 1, 2 
X f 'ta 



IS 9 



Choose cooz^lnate^ syBtem so that 
?! - (b,0) , = (-b,0) . Then 

ve get the condition 



2^2 2 ^2 



If |al < |b| , 
there are no points in locus • If 
I®- 1 ^ I^L « locus is the point 
(O/O) . If |a| > |b| , the' locus 
is a circle with origin at {0,0) 



and radius 









t 




1 




J ^ \ 



X / 



, 2 2 ^ c- 2 

Square .(a^a) (-a,a)(a,-a)( -a,-a) , constant 4k , + y = k - 2a • 

2 2 2 2^-' • 

If k < 2a , locus is €3npty^,set. If k 2a locus is point 

2 2 - ' 

(0,0). If k > 2a , ' locus is a^ircle with center (0,0) and radius 



2a 



2 

Same square; side x = a^x-*-a,y-a,y = '-a, constant Uk , 



2 2^2 2 
X y"^ si: 2k^ ^ 2a 



2 2 2 2 

If k < a , lociis is ^pty set* If k = a , 



l^pcus is (0,0) . If k > a , locus is circle with center (0,0) and 
radiusV - 2bF 

|2c)x (eT'^^^-^y^^^ c(a b) (The sides of the triangle may he extended to 
allow ^^jj^ues of y^-s^^d x 9uts3,de of the triangle.) 



Id X 

Q does lie on the locus . 



(Refer to Figure 5-17 in the text.) 

: 

d(P,S) = d(0,R) ^ 2a cos 0 , from right ^AR . 

d(0,S) = 2a sec 9 . . * Therefore 

> = d(0,P) = d(0,S) d(P,S) = 2a(fec 9 - cos e) • 

This is a polar equation for thT*graph» An equivalent form for this 
equation is r ^ 2a sin 0 tan 6 • To change to rectangular coordinates 
it is convenient to multiply both menders by r^ and Obtaih 

r^ - 2a(r sin e)(tan 8) , which yields + y^ = 2a(y)(^) , which can 



2 2 2 ^£ 

be written, xCx*" > y ) = 2ay , or y = 



2a - X • 
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i 7n 



> 



The procedure of multiplying 
both meirfcers of the equation hy 
r is convenient, but rmidt check 
that the graphs of 
r sin e tan $ J|tid 

= 2ar sin 6 tan 9 are the 
^ saioe* The only points that m^ght^ 
' be on the graph of the latter but 
^ot on that of the former are 
IK)ints for vhich r = 0 , but the 
ix)le, vhich is the only suoh point, 
Is already on that .grj^pfr. The 
equations therefore do have the. ^ 
same graphs. . The idea will escape the students unless they think about 

such-siimxLe examples as x = y and = xy , vhose graphs are different. 
The situation for polar coordinates can be stated as follows. Supposd^ 
"thiT^le lies on the graph of the equation f(r,e) - 0 . Then the graphs 
of that equation and the equation rf(r,e) = a are identical.. The same 




thing can occur vhen we are dealing with rectangular coordinates* For 



exwle, the equations x^ = xy and x^^ - x^y have the same grap^i, The 
expiration is essentially the same as it vas for polar coordinates. All 



3 2 
x^ - X y 



the point^ vhich vould otherwise 
imxitiplied both melibers of ite e 



have been added to the graph vhen we 



uation by x , were already points of 



x^ xy 



' the grai^ of 
12. (Refer , to Figure 5-l8 of the text.) 

A polar equaMon for the locus of R is 



Therefore 



equations 



the loci oX F and are 



The triseetion of an angle is one of the great classical problems in - 
raajthematics un^er the usual conditions, allowing only compasses and 
unmarked straightedge,' the problem is provably Insoluble. (Gee e.g., 
.What is Mathematics , Courant and Bobbins . ) However^y the use of 
special curves vhich cannot be dravn solely vlth compasses and unmarked 
straightedge the problem can be solved- Any such cirrv.e used for this 
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purpose Is called a trlsectrix ^ 
To shov the use of the conchoid 
as a trlsectrix we proceed as 
follovs: 

We are given any ^AJ^ . 
Prom 0 , any point in BC , draw 
• OH j[ AB • Construct the l^ft 
branch of the conchoid as in the 
text, using d{0,B) as length i 
(iHiis is the step -vftiich is barred 
under th& classic restriction.) 
Bov construct a circle vlth B 
as center, and i as radius, to 
cut th^ ccnichoid at P . Draw 
0? ti cut AB ^t Q . . We assert 

that m(20QA) = im (/OBA) . 

Proof * Draw m . Then, from 
isosceles triangles and 
ISO VB can verify the relations 
indicated^^s:$he diagram. 

Sote that if J is greater 
than ti«e distance from the point 
to the ilne, ^hen the left branch 
of the conchoid has a loop, as in 
the text. If i equals the 
distance from the point to'^the 
line then the left branch has a 
cusp as in the illustration here. 
If £ Is less than the distance 
from the point to the line, the ^ 
left branch will have an indenta- 
tloi^ ^ward the fixed point. 
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(Refer .to Figure 5-19. ) 
•Sayou^h arav lines parallel 
tbe axes as indicated. 

;d(P,T) = ae ; 

iy = ^(P,i!) + d(T,TSl) . 
X = aB cos(e -|) + a cos(n- 0) , 
y = afi sin(e - |) + a sin 8 . 
Th^ef ore 




{ 



X = a cos e + a6 sin 6 , 
y ■p a sin e - a0 cos 6 . 



ik. Students sometimes refer to this 
* problem as tj^e "hula-hoop" probiem. 
Figure 5-20 in the text contains 
lines which arsi^not pertinent to 
this solution. Please ignore then 
and refer to the figure the 
, right; ^ 

d(C^) = d(C,P) I d(o,T) = a; 
d(O^) = b - a . • 




P =,(x,y) . ' . . 

. X = d(0,F) + d(D,P) = (b - a) sin U - ^) ^ ^ ^ ' 
{ y = d{D,C) - d(F,C) . b cos ^ ' (b - a) cos (4> - 

Since e = <D -.^ + I , >^ eliminate ^ : . 

elL(,^ = BlnCe - "|) = -cos e , 



\ 



cosCvp = cosCe - |) - sijj.0 ; 
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Therefor^, /x « a) cos 0 + b cosie - (j^) , 

I y .= b<.'iB?|ii(e - 0) - (b - a) sin © . ' 

Finally, since • {!>• =^ ' , 

. X ^ -Cb - a) los^^^b cos(^-.^e) , 
, { y -(b ^ a) sin 0 + b sin (^-^q) , 



-.^ 5-6, Parametric Equations of a Straight jjine . 

*■ ■ ' ■ , ' 

The material in this section uses methods developed in this chapter to '* 
extend and apply the opntent introduced in Chapter 2. We reconmend here and * 
throughout the book that students be required to refer backwards and forrordB.. 
prepare for this section students should be given, in the preceding fev 
yflays, some home-work exercises from the latter half of Chfoter 2, and that 
yo# continue giving some home-work exercises frcffli that'-"ch^ter. as you go on 
^ . through this section. A systeanatic overlapping of such assWiments is a 
feature of what Is called "spiral" assignments, ^ich ve rec^i^nd^ 

The geometric version of the assumption that x, = x„ is tlUt the two 

T \ 

points are- equidistant from the y-axis, the g^n^tric version of the ^conclusion 
{that the equations are x = , y = y^ + mt) , is tha^ the line through these 

points is parallel to the y-axls. In the second case ihe assun3)tion Is equi- 
valent to saying that the points are equidistant from the x-axls, and %hf 
conclusion is equivalent to saying that the line through , than Is par^lel ^to 
the x-axls. 

It makes no difference what letter is used for the parameter- In ' 
parametric equations for a line. Thus we coul^i have represented the lines 
; tk^ and of .Examplai 2 ae follows: 



5 X = 1^ - 2t : X = -3 



t 



y -^2 - 6t • , ^ y-= _1 + 3t 



If a student asks .whether the two t'e are equal, it must be made cle'ar 
that. the question is meaningless i Ihey are both variables and can take 
, aiiy real.^value. Suppose we had used the representations above and had then 
tried to find the intersection of the lines by Solving the siimiltaneous 
equations 



^ 

1 
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^ - 2t = -3 - t 
2 - 6t = -X + 3t. 

.^Ttie question we would xeally have been trying to answer is whether thejre are 
•"any values of. t which give the same point on both lines, and this is not 
^the question we stEirted with^ ilhis point coioes up again in Bcan^le 3. 



Exercises 5,5 



1. 



(a) / X = 5 - 3t 
I y = -1 + l*t 
. (b"^ / X = 0 + Ut 
\ ■■1 y = 0 + It 
(c) /X = ? + Ot - 
Xy c -'3 -f 6t 

id) IX = -1 - 5t 

ly = 4 + Ot 

(e) / X = 1 + 1 • t 
\y = 1 + i ■ 

(f) . X = -1 + at 

I y =, -1 + 2t 

(g) / ^ - 1 - 1 • t 
\y = 0 + 1 • t 

' (h) /X g - i+t 

= -2 + 1+t 



X = 2 + 3t 





2. 



(a) 
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(c) 



t = 2 

• 6 4- 

t = 7 



4— H 
t = 0 
-6 4- 

t = -1 



(2,9) 
(2,3) 



(2,r3) 
(2,-9) 



t = 1 

6 

t = 0 
-I— H 

t = 1 
-6 

t 3 2 



'(2,9) 
(2,3) 



^ I ■ I 

(2,-3) 
(2,-9) 



(d) 



(-ll,U) (-6,U)(-i,V 



(l^,l^) 



( -il,U)(-6,i^)(-l,J ) .(t^^i^) 




^1 ' 



(e) 




t=-l 



t=2 




JJ3 



5-6 



it) 



(g) 
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(a) (-1U,21) 

(b) The lines are paraaiel; their pairs of direction riumbere are 
equivalent: (6, A) = C-2(-3), -2(2)) 

(c) The lines are coincidentff their pairs of direction nuiibers are 
equivalent ahd they have at least one point f-3,e) conjuion. 



IT 



1-. \\ 



Using points^ (l,l)(l^,3) on 'tSfe^llne L : - 3y + 1 = 0 . 



X i 1 + 3t ■ i ■ ^ > 

y 1 + 2t. . ■ '• ■ 



2 



Jx = 16 + t(-22»-0 ■ • ■ •■ ^i.. . ■,• - v.^A 

jy = 2 + ttlO) • ■ - . ■ • \ *' ■ . 

^ 2 2 2^,2 

(a) Substituting x ^ \t, y = . 'into " ax ^ by = gives 

• . . ^\ ■ /' ^ ' ■' 

\i " , a/t + bM^ - a^^, • ' \. 

' * 2 2 / 

f jf aX + bM JF 0 



t = 



\ i2'-_^ , 2 ' -.■■■ \ • A- 



/ ' '2 2 

if • aX + bM > Q 



ab 

t = + 



bA 



■4 - ) 



hence tine intersects figure at poirtts equidistant from 0 under 
' coxiditions n^ntione'd. # ■ * *j ^ * " ^ 

(b) ' Futtlng X 1st , y = (it into jr'- ax*^. we get t^ 'a>s t , If 
a-> 0 for (j: / 6 > /.C and considering only t we get 



t2 . 



If LL • X > 0 , t ^'■^ / and intersections* are syinmetric* 

If . < ft , there are no intersections for t / 0 . 

* tJius the' origin is the center. ■ ' \ 

, ( 2) a < 0/ , 'for ' il / 0 , 7\ J 0 ^ and considering t ,0 We get* 



^Tf *U*>^ > 0', there are no Intersections for, t / 0'. » 
If n* >k < 0 thfen 'twere are interBectla^e for 



Again the origin is the center • 
(c) Putting X = X t, y = M t in'to y = 




X *- 1 » 

,w8*get.M t a= —^p' vhicli is not defined for X t ^ 1 

I. . I 

■ If. M A 0 X V - t = M tf ; , . 

if- 1, / 0 • • ^ - 1 = *i 



t^(x'^..'p^> = 1 ! 



•2/2 ^ +2 • 1 ■ 

X - ^ 

"if > then the iine*irftersects the curve for 



, that is, symmetrically. 



* a^cT*fc Is no V^lue of t if < [i . I'liun^the curve has- the cf^lgln 
ac^ its center. 

. Wc fup^ode^ thai a bounaed vXrl ^ has ivo cent.nrs, and show th^ we get 
a contradiction. Wc call thc^ic ccntorr, 0 nmi I imd establish a 

coordlno^tc system wii.h Origin ?ft, 0 , with x-axln along OT , and J as 

the, pofnt ^- (1,0) . 11' () and tivv contoiv: Ijicn O haa a syrmnetric. 

. Ima^e, 0^ iji J > and - . 0^ har, n^mmctrlc ifhage 0,^ in 

a, and .0. :;-(-;\0) ; 0 hari ?Hr.ymmrtric imfi£^,e p in I ; and 

: (3,0)'.j> and oo pru n7>o polnt.:i 0^ ^'^^^^ ^'S * * m^c \n members 



^.Df n and tmM r coordinate;, (:%n.) , ('^>/<0 , (^^^) ? , indk;atc that 

they, arc i\'iT*tTu*r mid i'ariMvi' Vroth the qruMn. Clearly they cannot all 
be e-nc1ooed by an f i.ni tr. re^^tanf; 1 r , which mcanii thfit i] ^ cannot be 
.bounded. \» . . ' • v - • ' * 

. . * 'H'ui-.stUtrmcrit i ti nolf t$r>wr for unbouKidrd r,vlr/; 'for cximpl v any point 
oi' n line \r, a cont.cr of'thv' ^*'f*t oi' f)uintf; of Uiat I mh*. ^ ^ 
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9. Tfe^Ulpress the llxje In parasietrio form using direction cosings: 

7 



/ X = 5 + 0.8t ,■ 
-5^ ( y = 8 -I- 0.§t .." 



When t = 1 , (x,y) = (5.3, 8.6), j* X 
when t = -1 , (x,y) - (k.2,lA) . 

^ It is slBg)leBt here to use d(A,B) units along the line. When t = 5 » 
(xyr) = (lt),29)' J.TAien t. = -5 , (x,y) = ( -15,-11) . 

^ ' ^^^^^ Exercises ^ ' 

* ■ 

Jn the answers to these exercises we supply, in most cases, the sisgplest 
and ftKDSt directly achieved answer. It is always to be underst<x>d that a' 
given graph has infinitfely many analytic r.epr&sentaftions. Some Of these may. 
.be trivially related as: y -"5 tod 5y 10 ; *80iie non-trivallj^ as: 

X -I- ^ - 11 :r 0 and , . ' . , * . 

5 + Ut , ^ , 



vC: 



gt * 



The teacher is particularly urged in this chapter to ,ccmsider carefully any* 
pupil's answer which, may differ from the one . presented here*. Jt may be , 
correct, but written In unfamiliar form, and the student n^, with benefit, 
carry the burden of showing' the equivedence of the two. 

^ When we are asked for 8n;^alytic description of a @et, for example, 
2(a)i -below^^ we will usually write our ans\fer in the form in ^ich it appears 
in the literature; 

0 




Instead of the longer form: 

. ' ^ , {(x,'y) "f^/' ky + 7^- 0} . 

1. (a) ;rhe Lines: y ^ x and y = -x j or y^ = x" . 

^ • \b) The line: x ^ S . ' ' * ^ • , 

* (c) The link: y - h ^ ' • * * ' ^ 

(d) The ?Uie: 3x - hy - 8 - 0 > 

* ■ (e) ^Phe .alrc^;e: ($ - '^)^ ^ fy - 8)^ 9 , Which can Vlso be written: 

» * * *■ * 

*''\! / ^x^ f y^.- iOx - l6y + &5-= 0 .' * " * ' " . . 

(fj . The lines: ;xt=/2 ai^ 8 . ^ ,■ * - , 



i 



(g) The lines: y = 1 and y = . 

(h) The lines: 3x - Uy + 22 ^ 0 and 3x - >y - 8 ^ p . . 

(i) The lines: x=--k+handx==k-h- 

( j) The lines: y =^ q + p , y = q - P * ; / 

(k) .If ax + by + C'= 0 .represents a line, then a + b / 0 and the 
distance from P ^ (^pYq) this lines is given by 

iax 4 by-^ 4 c| ^ / ^ 

a - — li-ii . pxis eqUBtlon is equlvalenl^to ^ 

! ax 4 by V c = dv^F+T^ , therefore the locus of all such points 
P = (x,y) is the pair of' lined ^represented by 
ax 4 by 4 c-.^ dVa^TT^ 0 , and ax 4 by + c - d/a^^ 4 b^ = 0 • 
(1) The dlstarle from. P (x,yV to A = (5,0) ffs /(x - 5)^ > 

and to B ^ (l^^O)-^ -• H)^ + The' con dltTlon Is ^ " ' 

^ ^ eqvilT^alent to; /(x - 5),^ +'y^f= sVfTTnpT/- ...This equation 
Is an ai)8\rer to the exerdlse, but if can be vritten We sinqjly as 

+ - 26x + IH3 = 0 , pr.as (x 13)^ + - ^ • This last, 
equation yiel4^ the additiopal information th\t the graph is a 
' cirole with center ^ (13, O) and" with radius U . _ ' 

(^) The condition yields directly: y = Ax - 5) + (y " 8)" or more 
Simply X - 10^ - l6y 89 0 - lljis can 'also be vritten • 
(x '^y' - l6(y - ^0 , which can be interpreted to be an equation 
of a paS-abola with vertex at {^,h) , a^ji^y^^^g the y-axis, and 
open upward. ^ ^ * i 

(n) Ar, above, we get the parabola: y' - 8x * 5h 0 . 

(o) ^I^fe dir,tance from p'-,(x,y] to I), {'j,^) . i» ' " 3)". 

The distance froRi P (x,y) to line 3x - Hy \ Y - 0 i^ 

1 3^ " ^ An answtT to thin oxrrcloG \v, r^iven b^^ the ctatc- 

[ ment of egual ! ty for thei|e tvb dlBUu^r,^ , . ^ ^ ^ " 

/(x I)) ^ iy - 3)^ 1 3x - .4 l] ^ ^^^^ written some- 

^^mt more sfmply a.; l6x'' t'PH 'f y'M 9?^ - .-JPx . yl|y * Hoi - 0 . Wr 
c;taie that Ihf: graph Ir, a parabola vlih an, oblique axl n pf>rprncH fu- 
lar to the given line, but 1 e^ve any ruriher di s^ruGSi on . of th\n . 
equation and graph for Chapter 10. 
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(p) ,As in the previous exercise, an answer is given toy: 

V{x - r)^ f (y - s)^ ^ 1^ -^^y^-L ^L , vhich can be written also ^ 

J 2 *.^2 ■ ^ 

(ax + toy + o)^ = (a^ + to^) (x - r)^ + (y - s)^ , or, as a poly- 
nomial in X an<3, y : 

to X - 2abxy + ay -2(ac + ar + to r)x - 2(bc+ a s + b s)y 

4- (a^ri + a^s^ + b^r^ + b?8^ - c^) = 0 • 
We state again without proof that the graph of this equation is a 
. paraboleH^th its axis perpendicular to the given line. 

In (a) - (i) we glye^our answers in both rectangular and parameti'ic 
forms; either or both be used. ' 

(a) x - >y + 7 0 ; or / x = ^-3 + 8t , V 

ty = 1 + 2t . 

(b) x - Uy + T =^ 0 , X > -3; or /x A3 + 8t , 



/ X - - j + ox , 
ly = 1 + 2t , 

(c) X - % 4- 7 =' 0 , -3 < X < 5 J or / X = -3 , 

I y - 1 + 2t , 

(d) X + ?y - 11 - 0 ; or rx = 5 - H , 

* Ny^ I y = 3 + 2t . 

(e) x + ^-ll = 0,x <"> J or / x = 5 - , 

' . i y - 3 + ?t , 

(f) X + ^ - 11 0 , 1 < X < 5'";* or f x = 5 - l+t ^, 

t y - 3 +^ ^ 

(g) X - y + 1+ - 0 ; or / x = 1 U , 

ty --- 5 - 1+t . 

(h) X - y + 1+ r 0 , ^ < I ; ■ -or / x 1- - Ut , 
? " * ' 1 y = 5 - , 

4l) x~yiii-0,-3<x<l; or /x -^1 - 



t > 0 . 

0 < t < 1 



t > 0 



0 < t < 1 



t > 0 . 



0 < t < 1 
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(j) This, and the next four parts 'of this exercise are most readily 
done vith* parametric representa- 
tions qr vectors. The . interior 
of ^AKJ can toe described as 
"the set of points of the in* 
terior of alli^raya BP vhere 
P is a point of the interior 
of C5 . In -Miat case 




P> (x,y) ; wheii X 1 - , y - 5 - , 0 < t < 1 , from 
*&ove. We need another parameter to give us the Interior of BP . 
Thus direction numhers for BP are (l - i^t - 5 , 5 - 3) ,^ 

or -i-k - kt., 2 - kt) . Thus, for a ^int Q = (x,y) of the. 
interior of iP* we have x = 5 + b( - Ut) , y 3 + s(2 - kt) , 
s > 0 . We present this answer mo^e neatly: 

{(x,y) i x = ^ - k% >Ust , y = 3 + 2s - Ifrst , B > 0 , 0 < t < 1) . 

i 

- In vector form, if P is an Interior point of CA then 

p = "S" + t(a - c) , 0 < t < 1 . If Q , is an Interior point of BP , 
then q = h + - t) , 8 > 0 . In terms of a , h wejiave 
q = b + b(T+ t(r - ^ - h) ,_q = (8t)t + (1 - 8)b + (a - st)t , 
• with s>0,O<t<l.- Note that the sum of the scalar multi- 
pliers Is 1 . ^ , - 

We. caii' s-hov the equivalence of ihe vector «nd parametric "fanns 
;by 'expressing each vector in teJfo of lts-^;emponents and then com- 
binlngj retaining the parametric conditions *>0, 0<t<l . 
Thus: q = [x,y] , [-3,1] , t ^ [5,3] , ^ = ,fl,5] • Then 
[x,y] - Bt[-3,1] + 8)[5,3] + (a -'Bt)[l,5] , 



[x,y} = (-38t + 5 - 58 + s - Bt 



at + 3 - 3s + 5b - 5st] 



[x,y] = [5 
. Therefore 



Us - l+st ,.3 + 2s - 1+st] . 

*x - he - 1+Bt , . 
t y - 3 + 2s - hst ; 




and these are the parametric equations we found befc^e. 
(k) rr P Is a* point of- the interier'of ^ , then 



(-3 + 8t , 1 f 2t) , 0 < t < 1 



Proceed as in the previoua 



, - lis 4 P6t , 8 > 0 , 0 < t < 1} 



solution and obtain the imsver, 

{(x,y) : X, = 1 - 4 8st , y - ^ 
In vector form p = t f t(b - a) , 0 < t < 1 , and ? , 

to any point Q of the interloi- of /BCA is given by 
1 



the vector 
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^ = + s(p* - c) , M > 0 . This can be written in terms of 
a ^ b , c as vas done In the previous solution: 
q = (s - 8t)'a + (st)S + (1 * s)*? ,s>0,0<t<l. 
Note the resanblance to tJie result in the previous exercise. 
^ The conqponent foms of these vectors can be us^ to relate 
this result \o the paitametric equation found a few lines 
~ ?arller, \ ' ' * 

(i?) (Wfer to the two previous solutions.) * 
^p =^ c* + t(b - c) ,0<t-<l;'q = a+ s(p - a) , s > 0 . 

(1 - 8)a + (st)S + ( s - st)'c ,s^>0,0<t<l. 
The parametric form is 

{(x,y)^ : X ^ '3 ^ \}kS^ , 1 + ^ - 2Bt , s > 0 , 0 < t < 1] . 

(m) The interior of AABC is part of the interior of /ABC I If 
we refer to the solution of part (j) of this group we need 
now use only, the interior points of BP* wh^r^ P is an in- 
terior point ^ AC . We can effect this result by a sisq;>le 
change on the paraTOt€(!r s whf ch we now talge 0 < s < 1 * Our 
solution in vector form is therefore: ' ' 

^^..(^)b +' - s)^ + (s - St)"? , with 0<8<1 , 0<t<l. 
We couia use the results of. (k) and (|) above, and obtain 
q =r (eZ-st)"? + (stjb + (1 - s)"c , 0<'s<i ^O^t <r^l j • 
q = - sYS. ^ {Bt)'h 4 (s - St Jc ,0<s^l,p<t<l. ^ 

^ The similas^ty of these expressions^ leads to a more 
syhimetric « formula, ivwe note .tbat the scalar multipliers are 
non-n^atlve and have the sum 1 « We may writ6 a Vector 
formal^ for the inter f;ar^f AABC thus:, 
q = oca* 4^ pb 4" 7 c where a |- 3 ? ^ non-negative and 

^ a'+ p + '-Y 1 • . 

(nl x + 2y + l, -tO. »^ 

! 

(o) X - y - 2 - 0 . 

(lb) X - Uy 4 19 ^ 0 . ^ . . . ■ 

(a) Sx - y + 7 - 0 . 



(r) X + y - '8 = 0 . 
(s) ' '+x'+ y - 9 ^ 0 

(u^ = 3 . ' 
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(w) The line y « 1 »l8 parallel to the^i-axls, and the line 
X = -3 is parallel to the y-axis. 

ix) Ux + y- 6 = 0. 

(y) 2x-y-2=0. , " 

iz) If the center of the circle is at {u,v) then . 

t 

3olvlj)6 these fequationa gi^ves the coorainates oT the center, 
(^,|) , and the lengt^ of the radius, ^ . ^ Thus the 



circle has 'the equation, {* " 3^ " 3'' 
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may be written also as 3x + 3y 



0 . 



The Jbjpeviated sketch ve supply for each part of this exercise 
should indicate the answers requested originally. Other brief 



cosaaents are supplied as soot necessary . — 

i 



line 




^4 



pair of 

vertical 

linea 
^ 




.'J 



1§2 



circle 




'ellipse 



(J) 




Pair of 

vertical 

llne» 



8 




hyperbola 



(k) 



.5 
I 
I 
I 
t 



The region 
: betveen but 
. not including 
the vertical 
lines. / 



(g) 




p&rabola 



(i) 



The entire 
plane except . 




(i) 



r 



parabola 
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( Came as ( ) 
turned 90 
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Cm) 



(n) 



V-- - 



The X- and^ 
y-axes. 



• 

• 






, 0 




1 


-2 







Tyie tvD lines 
1 ndi eated 
X ^ 1 , and 
y - r? , 



-2 



- 33t - 10 
(x-5)(x+2) 



(q) 



0 
0 




•Rie pair of vert^al lines. 



.1 •v:H, 



..■i'.;iip:'.K 



j^l^ region ^telov -the line y = x 



The shadea r^ion between the 
lines y ^ X > as shovn . 



^ < Is 
equivalent 

to 

- x'> 0 , 

% or 

' ■ x<,* - 1)^> 0 . 



0 



-This Inequality is| true for all 
X ex^t for 0 < x-<l . The' 
graph is the entire plane except 
region between tJae vertical lines. 



. we do not supply full answers .here, but only .enough in sketch or c 
to make contact with familiar matierial. 



(a) CircyLe with radius 3 and center at *^he pole. 

Nb) The interior of the circle in (a) above. ^ , 

(c) Since there is no n^atlve restriction on r T the set is_the 
entire planfe. 'If 0 < r < 3 >the set Wou^d b^ the same j[s (b) 

» above. » 

(d) The plane outside , the circle of (a) above. 

(e) The line through the p^le making with the polar axis an angle of 

measure ^2 . ' . . . 

(f) Since there is no negative restriction on f> set Is the 

entire plane. ^ , 

(g) If r > 0 the graph Is a spifal Bitullar that- of Figure but 
, opening Hiore rapidly. It" contains the pole and crosses the 'polar 

axis' to the right at , 8« , ISn^, ... , and to the left at 

.(absdiBsas) -2. , .6. , ^ICht^ ' < ° ^^'^ ^^^^^ '^'^ 

symmetric- Image with respect to 'the pole of the path Ju^t described 
thus the entire f^faph is a doubPe spiml opjnir;R coiuiterclockvi se 
and crossing the polar axis at (abscissas)/ 0 , j hit , -kn 
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(h) Ife^ entire plane. COTipare tjie polar and rectangular coiriitione: 
X'm f gives a line, ana x < y a half -plane; r ^ 6 a spiral, 
and ,0- the lAole plane, ^* 

(i) Two lines thrdugh the origirf, $ «r ^.i and $ ^ 1V9 . ' 
(j) The annular Vegion bet¥e«i two concentric circles of radii 

4.9 and 5-1 vith centers at the pole. 




In the next few solutions ve supply a familiar equivalent equation in 
rectan^ula^ coordinates related in the obvious way, to polar coordinates. 
OJie grai^is for parts (k) <q) are all lines, and in each case the ^ 
absolute value of the num^ator Is the distance from the pole to the line. 

\ • ■ \ . ■ • • ■ . 

. \ (k) The line y = 6 . " ' 

• (i) 1516 line. X = -3 , 

(m> The line x == -2 . • , o 

(n? The line x = 5 . . 

(o) The .line through (i/s/O) with slope 1*!:. 

(p) The line through (-4v^,o) with aLope 1 ^* 

(q) We take: 0 < b < 2it '. *If b ='t) the graph Is the line ' 

y ^ a I if l> = 2n the graph is the line y = -a . If b = - 

or the graphs is the line sTS^^ 'or'" "x , S a' ^^^^^^^ 

If b has any other value, in the indicated domain tlie graph is^ 
the line through \J^-a esc ^ , O) , with the slope tan b , 
^?lLJ^i^^.^.^®^^^^^^ °VSt be carefully analysed. In ^is case 
if 0 < $ < n the gr^' is the r^ion above the line y «= 1 , 
. If 0 = IT the^ is m> value of r for lAlch 

^ 1 ^ 1 * ' • 

sin e i^^^^ sTrTe ^® deflsed then. If n < 6 < 2n 

^ then the graph contains eveiy point vhich is belOw the line 

A. '..^. ^^^•*:-l .-^^on Bi\y line which intersecta^ tfie line y « 1 and 
vtiich goes through the origin. That is, this partfOf the 
graph is the r^ion bejov the line-^=: 1 , exclucnng the -two 
half-lines along tfee x^axis: y - 0 ^v)^ > 0 , and y = 0 ,» 
X < Q^^ To sunmfize, the graj^i of 

' ^ ^ Sin Q entire plane except the points of the linej 

*y, - 1 and the points of the two-thalf-lines along the x-axis: 
= 0", x > 0 , and y = 0 , x < 0 . It is instructive to 

investigate, but we wj/ll not/ the relation between r < — I — 

^ ^ sin -6 

and r sin 6 < 1 , noting that this second inequality is ^ '* ' 

-related to y < l . 



( s). We consider * 0 K'd 



If 6L*= 0 the graph Is lihat part 



df the X-axis to the left of 
^r 0 < r < ^ 



0 < 0 < I ve get, 



X =2^. If 
the vertical strip above the x-axLs and 



r. cos 0 / 

between the y-axis and the line x = 2 . For this saoK doiaain, 
if r 0 we get the origin and all points in the third 
quadrant,. Vlf | < 0 < "l^* ve get the region to *he right of 



the line x =2 . Since 
there is no value of 

2 , 



— is not .defined f.or 
cos 0 ^ 



8=1 



or 



defined for these values of 9 



If 



^ < e < at 



and 0 < r 



ve get the vertical strip 

cos e 

belov the X-axis and between the y-axis and the lj.ne x = 2 . 
For this same donaln if r < 0 we get the origin^ and all 
points In the second quadrant. To summarize, the graph we want 
is the entire plane except the line x = 2 , and^the two half- 
lines along -the y-axis; ^ = 0 , y > 0 aiid x = 0 , y < 0 . 
It is Instrilctive to investigate, though we will noV, the 



relation between r > 



and r cos 6 > 2 , noting -ttiat 



COS 9 

this second inequality is related to x > 2 . 
it) The pole. ' • 

in the discussion of reflated polar equations".ln Section 5-2 we used th'e 
fact «iat the point P = (r,&) has also the coordinates (-r , 0 + «) A 
Thus,' if P ison-tt^e graph of r . f(0) we inust also have P on ihe 
graph of -r = f(0 + . Then we obtained the equlv^ent equation • 
r - -f(0 ^) , this step, cannot be carried through so easily with 
inequalities. If the point (r,0) is on the graph of r > fC0) , then 

that W point, now indicated by (-r,0 + «) ,' is on the graph of 
■^r > f^0 + «) this last Inequality is equivalent to r < -f(0 + ^ 

W thii is thi related polar' inequality of r > f(0) . However, the 
^•S^lnal ineqvklity.can frequently be written in th^ form g(?,0) > 0 
^for which the related polar inequality is ' g(-r, 0 + rt) > 0 and is 

usually easier to handle. 

9 

(a) 9 
{b) *r^ < 9 
"(c) r > -3 
(d) r < -3 ' 
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(e) 0 o 2 - jt 

(f) e<-4 

(g) ' r + It) 

(h) r > -(0 + «) 

(i) je + rt - 2| = ,1 

(J) J-r - 5| < .1 , or |f + 5| < .1 



1:m) 

(n) 



_-2 

cos 0 

cos ^ 



(o) r 



cos(0 + ^) 



(s) r> 



cos 



2x + 2 



7. 



(t) r B 0 

(a) 

(b) X - ^ + 1| 0 

(c) 2y = X + xy 

(d) x3 = ^ +V 

(e) y J - 2 • 

2 2 . • ' 

(f) ^-f5 = ;L 

(g) (x - 2)^ , (y - ■ 

(h) %2 = x^(4 - x^)~"^ ■ 



X = 3 - |t 

y-^ - it 



< 



\ 
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8. X 8l^t , 

= 288t * 

9. Whra -t = 3 , A = (8,0) , B = (-1,14) , d(A,B) = . 

, . \ftien t, = 5 , A = (14,-2) , B = (-5,1^) » d(A,B) =^ . 

10. When , t = 2 = (Xj^ + 2£^, y^, + an^) , = (x^ + 21^, + 2m^) , 



d(Pj^p2) = /(xj^ - +~2£^ - SlEg)^ + (y^^ - y^ ■^ 2«sL^ -'Sag)? . • . 

U. (a) X = CQ8{~ + 6rtt) , y = 8in(§ + 6flt) . , , ' * • 

(U)' X = cos(- 5 - f y = sln(- I - kiit) . 

^. %. * * ^ . ' • ^ 

(c) X = cos(^^ + 23tt) , y = ^inC-.-g + 2stt) . - 

(a^ x^^^sf^oBiii - 8jtt) , y - sinCit - Qnt) . . " 

^ (e) X = cos(^ 4 nt) , y «= sln(^ + nt) . 

12t We give the tiose in seconds anj^ the a,i:^ular. position in terms of 9 

only. The recta&gtilar^oordiimtes of the«^sition are (cos sin 6). 



(c) ^, (^) . (h) ^ , (§) 



, / il/^S^ '^j) ^f^5 

T3. Assume that it starts from its farthest riglft position 

^ / X t= If + 3 cos ki^t , ' 

= 5 + 3^ sin knt ^ ^ 

Tt, when t = 0 it starts from the angulai: position 0 relative to its 
, center, then th^ equations of motion are ^ 

' . ^ / X = If + 3 cos (kjtt ^ 0) , • 

W = 5 + 3 sin {knt + 6) . * ^ 

l4. Assum^ it starts frolh the^ ai^ular poaj-tion 9 relative to its center* 
Then . • . 



{ 
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X ^ -1 + 2 cos (0* • 2jtt) , 
y = . sin (e - art) / 



o„ .188 igj^ 



« I 



15. •niesc are alX circular paths vitlx center at the ceiit«^ of the doc*. We-' 
give tl^e radius, angular position of .fitartiiiig point, airectipn pf ; , 

^* tion, ahd angular v^ciliy in revolti^ohs per mintit^,* , 

,.- > (a) V, 0 ., counterllockwlae,'' 2 rpA,; , ; ' * r, 

\ ("b) X, , counierclockwLse, 3 xpm. \ , ; 

' (c) 10 , It , ft^JcwlBa, '5 riM. ^ . " ■ * ' . 
V (d) 8 , It , coiifrtierclockwise,^ 2 rpm. "y- , v. *"; . \ 

( e) The given equations 'are equivalent to • ' ' ' \. 



'2 



X = 2 cos - 2jft) ,» ^ , 



y ^ 2 sin (| - 2jtt) j ,. .■ ■ ^- 

* therefore the motion is as Sbove: 2 , | , clockwise, 1 rpm. 

*l6. (a) / X = 5 cos e > - V ^* - - , ;^ , ' 

\ y 3 *in Q , ^ ' ^ • , 

I y = sin e .■ ^ 
^ (c) / X = V5 COB 6 , ■ 

' *y *= ^ sin e . , • * 

LT. ' (a> The path of " V is a cyclolji vith parametric equations ^ 

^ " p*-«a(e*- sin a) , ' . - / 

•■ ,ly = a(l - cos e) . / . ^ 

i . We assume the fpllowlng: ^ a = 12 inches; t^e vheel rolls frcsn • 

. left to right] X is mesattrea in inches along the road to the^ 

ri^t from the first contact pDirit o f P ; y is measured in < v 
inches above the road; Q is the angle of rotation measured - 
clockwise from the 6 o'cleck position, to the position of , P ; 
' B,^ a)t- vjaere t is measured. in seconds-4and O) = 3 rpa = ^ ^ 
radius per second. Our equations are: 

X = 12(6«t - sin 6jtt) , ' . ' 

. y = 12(1 - coBl6itt) , .' • . 

1 (b) The path of 'Q Is, a cur^SS* cycloia whose- equations were. derived 

J * in the solution to Challenge Exercise S^pn page l8. 



•Hie equations of the path of q are 



4 " / x = 12(6j(t) - 6 8in*(6nt) , 

;'BB) OF roCMMEUT" - -^-(^t 

ERIC " ' • ' . 



